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PTOLEMY'S INEQUALITY AND THE CHORDAL METRIC 

TOM M. APOSTOL, California Institute of Technology 

1. Introduction. Claudius Ptolemy, the celebrated mathematician, astron- 
omer and geographer who flourished in Alexandria during the 2nd century A.D., 
is best known for his Almagest, a remarkable treatise on astronomy consisting 
of thirteen books. In Book I, Ptolemy calculated a table of chords which is 
equivalent to a five-place table of sines from 0 to 90 degrees, at intervals of quar- 
ter degrees. His calculations are based on a lemma, now known as Ptolemy's 
Theorem, which may be stated as follows: 

PTOLEMY'S THEOREM. The product of the lengths of the diagonals of a convex 
quadrilateral inscribed in a circle is equal to the sum of the products of the lengths 
of the opposite sides. 

In other words, if the vertices are labeled in cyclic order as a, b, c, d, we have 

(1) accbd = ab-cd + bccad 

where ab, cd, etc., denote distances. This formula contains, as special cases, the 
Pythagorean Theorem, the addition formulas for the sine and cosine, and the 
half-angle formula 2 sin2(x/2)=1-cos x, all of which can be obtained by 
specializing the quadrilateral. (See [2 ], p. 83.) 

An English translation of Ptolemy's simple proof of (1) is given in [4], p. 
225. A different proof, based on inversion with respect to a circle through one 
of the vertices, may be found in [3], p. 157, and in [6], p. 64. Inversion also 
provides a proof of the following extension of Ptolemy's Theorem to arbitrary 
convex quadrilaterals. 

PTOLEMY'S INEQUALITY. If abcd is a convex quadrilateral, then we have 

(2) accbd < ab*cd + bccad 

with equality if and only if the quadrilateral is inscribed in a circle. 

I. J. Schoenberg [7] has shown that Ptolemy's inequality holds if a, b, c, d 
are any four points in a real inner-product space. Metric spaces in which 
Ptolemy's inequality (2) holds for all points a, b, c, d are called ptolemaic. In 
general, the triangle inequality for the metric neither implies nor is implied by 
Ptolemy's inequality. Schoenberg [8] also proved that every real seminormed 
space which is ptolemaic must arise from a real inner-product space. 

In this note we show that Ptolemy's inequality in the plane is an immediate 
consequence of the triangle inequality for complex numbers. Then we show that 
the inequality in the plane implies the inequality in 3-space. Finally, we prove 
that the three-dimensional Ptolemy inequality is equivalent to the triangle in- 
equality for the chordal metric of complex-variable theory. 

2. Ptolemy's inequality deduced from the triangle inequality. Let a, b, c, d 
be any four complex numbers. Applying the triangle inequality to the algebraic 
identity 

(3) (a-b)(c-d) + (b-c)(a-d) = (a-c)(b-d) 

233 
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we immediately obtain inequality (2). Equation (3) shows that the moduli of 
the three complex numbers 

(4) (a-b)(c-d), (b-c)(a-d), (a-c)(b-d) 

are the lengths of the sides of a triangle. Therefore, we have equality in (2) if 
and only if the ratio 

(a - b)(c - d)/(a - c)(b - d) 

is real. But this ratio (the cross-ratio of a, b, c, d) is real if and only if a, b, c, d 
lie on a circle (see [1], p. 31). This proves the extended Ptolemy Theorem in 
the plane. 

3. Ptolemy's inequality in 3-space. Now consider four noncoplanar points 
a, b, c, d in 3-space forming the vertices of a tetrahedron. We shall prove that 
we have the strict inequality 

(5) ab cd + bc ad > acbd. 

In other words, the products of the lengths of the three pairs of opposite edges of a 
tetrahedron always form the lengths of the sides of a triangle. 

In the figure, imagine the edge bd as a taut flexible string, with the remaining 
edges of the tetrahedron being rigid. Rotate vertex d about the axis ac until it 
lies in the plane of the base abc at, say, d', choosing the direction of rotation so 
that bd'> bd. Applying Ptolemy's inequality (2) to the quadrilateral abcd' and 
noting that cd=cd', ad=ad', we find 

ab * cd + bc * ad > ac * bd' > ac * bd, 

which proves (5). 

4. Ptolemy's inequality and the chordal metric. The chordal distance x(a, b) 
between two complex numbers a and b (see [I], p. 81, or [5], p. 42) is given by 
the equation 

(6) x (a, b) = ___ b -\ 1+ a 12V\/1 + I b12 

In this section we prove that when a, b, c are three noncollinear points in the 
complex plane, the triangle inequality for the chordal metric, 

(7) x(a, b) < x(a, c) + x(c, b), 

is equivalent to the tetrahedral theorem discussed in the foregoing section. Using 
(6) we see that (7) is equivalent to the inequality 

(8) | a-b| b IV + I c 2 < I a-c| a/1 + I b 1 c2 + c -b I/V1 + I a 2. 

Construct a tetrahedron using as vertices the three points a, b, c in the com- 
plex plane and a fourth point d located at a distance 1 above the origin of the 
complex plane. The edges of this tetrahedron in the complex plane have lengths 
|a-b|I, a-c|, and |c-b|. The other three edges meeting at d have lengths 

This content downloaded from 129.82.28.124 on Fri, 20 Sep 2013 22:32:09 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


1967] PASCAL-TYPE TRIANGLES 235 

a/1 + IC 1 2, /1/+ I b2, and Vi/I+ I a1 2. Therefore we see at once that Ptolemy's 
tetrahedral inequality implies (8). Conversely, inequality (8) implies Ptolemy's 
tetrahedral inequality for a tetrahedron with altitude 1. This, in turn, implies 
Ptolemy's inequality for a general tetrahedron. 

d 

b 

FIG. 1 
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PASCAL-TYPE TRIANGLES FOR THE FOURIER EXPANSIONS 
OF 2- cos x AND 2n-1 sinn x 

BERNARD RASOF, Illinois Institute of Technology and Kabul University, Afghanistan 

For positive integral n, the well known Pascal Triangle is a useful way of 
exhibiting coefficients of products of x and y in the expansion of (x+y)n, and 
also provides a simple rule for computing these in terms of coefficients in the 
expansion of (x+y)n-', n > 1. Here, after a short introduction to the Pascal Tri- 
angle, for the purpose of showing the similarities to, and differences from, our 
results, we present two new triangles, both of the Pascal type, which provide 
almost equally simple rules for rapid and easy computation of coefficients in the 
Fourier expansions of 2n-1 cosn x and 2n-1 sinn x in terms of coefficients in the 
Fourier expansions of 2n-2 cosn-1 x and 2n-2 sinn-1 x, respectively. The pro- 
cedures for entering numbers in the triangles are not entirely obvious, so they 
are derived for the Fourier expansion of 2n-1 cosn x. 
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a/1 + IC 1 2, /1/+ I b2, and Vi/I+ I a1 2. Therefore we see at once that Ptolemy's 
tetrahedral inequality implies (8). Conversely, inequality (8) implies Ptolemy's 
tetrahedral inequality for a tetrahedron with altitude 1. This, in turn, implies 
Ptolemy's inequality for a general tetrahedron. 

d 

b 

FIG. 1 
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v 

| 
xn-~1 y xn,-2 2 xn-3 3 xn-4 4 X i-5y 6 xn-6y6 . . . 

| CSum of 
n ~~ x '~y x~y2 y y4 Xy X . Coefficients 

O 1 20 

1 1 1 ~~~~~~~~~~~~~~~~~~~~~~~~~~21 

2 1 2) 1 22 

3 1 3 3 1 2 

4 1 4 6 4 1 2 

5 1 5 10 10 5 1 2 

6 1 6 15 20 15 6 1 

FIG. 1. The Pascal triangle for (x+y)-. 

1. Construction of the Pascal Triangle. For nonnegative integral n, in the 
expansion of (x+y)n coefficients of products of powers of x and y are conve- 
niently displayed as a Pascal Triangle; one form is shown as Figure 1. There, 
under the columns headed by xn, xn-1yxn-2y2, xn-3y3, . , for given n the entry 
on the corresponding row is the coefficient of that term in the expansion of 
(X+y)n. 

To construct Figure 1, place l's in the column headed by Xn and along the 
diagonal leading from the uppermost 1. Numbers in the interior of the triangle 
are filled in starting at the top and working downwards; each interior number 
on row n +1 is the sum of the two numbers above and directly to its left on row 
n. On row n the sum of the coefficients is 2n . These results are easily derived by 
use of mathematical induction. 

2. Fourier expansions of cosn x and sinjn x. When n is a nonnegative integer 
the Fourier expansions of both cosn x and sinn x terminate, and each has two dif- 
ferent forms, depending upon whether n is odd or even. Independently of n, be- 
cause cosn x is an even function, the Fourier expansion of cosn x contains only 
a finite number of cosines of nonnegative integral multiples of x, through cos nx. 
When the Fourier expansions of 20 cos x, 2 cos2 x, 22 cos3 x, . . . are written on 
successive lines, the coefficients of 1, cos x, cos 2x, cos 3x, * * * fall into a pattern 
somewhat like the Pascal Triangle, and with certain strikingly similar charac- 
teristics. On the other hand, the Fourier expansion of sinn x depends upon the 
nature of n. When n is odd, sinn x is an odd function and its Fourier expansion 
contains only sines of positive integral multiples of x through sin nx; for n even, 
sin" x is an even function and its Fourier expansion consists of cosines of non- 
negative integral multiples of x through cos nx. When the Fourier expansions of 
20 sin x, 2 sin2 x, 22 sin3 x, * * are written one below the other, the coefficients 
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of 1, sin x, cos 2x, sin 3x, cos 4x, * also fall into a pattern somewhat like the 
triangle representing the Fourier expansion of 2n-1 cosn x, but with a number of 
marked differences. 

3. The Fourier Cosine Triangle for 2n-1 cosn x. The representation of cosn X 
entirely in terms of cosines of nonnegative integral multiples of x is actually its 
Fourier Cosine Expansion (FCE). The Pascal type FC triangle for 2n-1 cosn X 
is displayed as Figure 2. There, numbers on row n under the columns headed by 
1, cos x, cos 2x, * * are the coefficients of those terms in the FCE of 2n-' cosn X. 

Sum of 
n 2n-1 cosn x 1 cos x cos 2x cos 3x cos 4x cos 5x cos 6x cos 7x cos 8x .. . Coefficients 

1 20 cos X 0 1 20 

2 2' cos' x 1 0 1 2' 

3 22 cos' x 0 3 0 1 22 

4 23 cos4 x 3 0 4 0 1 23 

5 24cos5x 0 10 0 5 0 1 24 

6 25 cos' x 10 0 15 0 6 0 1 25 

7 26 cos7 X 0 35 0 21 0 7 0 1 26 

8 27 cos8 x 35 0 56 0 28 0 8 0 1 27 

FIG. 2. The Fourier cosine triangle for 2n-1 cos nx. 

To construct Figure 2, (A) place l's along the diagonal leading from the 1 
at the head of the column of constant terms (in the uppermost row); (B) on a 
row for which n is odd, the entry in the column of constant terms is 0; (C) for n 
even, this entry is the coefficient of cos x in the FCE of 2n-2 cosn-1 X (i.e., the 
number to the immediate right but on row (n-1)); (D) except for the column 
headed by cos x, in the interior of the triangle each entry on row n is the sum of 
the numbers directly to its left and its right on row n-1; (E) in the column 
headed by cos x, the entry on row n is the sum of the numbers directly to its 
right and twice that directly to its left on row n-1; (F) on row n the sum of the 
coefficients is 2n1. 

4. Construction of the FC Triangle for 2n-1 cosn x. Each of the statements 
(A)-(F) in the preceding paragraph is proved here. The proofs are slightly com- 
plicated by the circumstance that 2n-1 cosn x has two forms, depending upon 
whether n is odd or even. 

For any nonnegative integral n, 
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2n CoSn X = (eiX + eix)n = ( einz + () e(n-l)xe-ix 

(1) + () 2ei(n-2)xe-2ix + +( )ei2xei(n-2x 

+ ( )ie-i(f-i1 + ( e-in 

where i,= V(-1) and (nl) = nl!/((n- k) )) = are the binomial coefficients, 
which appear in the Pascal Triangle as the coefficients of xn-kyk and xkynk, 
respectively. Thus, in (1), (;)ei(n-.k)Xe-ikx= (n)ei(n-2k)x and (,l-Lk)eikxe-i(n-k)x 

- (flhk)e-i(n-2k)x have equal coefficients, and can be combined to give 2(t) 
cos (n-2k)x. The number of terms in (1) is n+l, so when n is even one term has 
no mate; this is the single constant term, (Q/2). Then for n even, say n = 2m, m a 
positive integer, 

1 /2m m /2m\ 
(2) 2n-1 CoSn x = 22m-1 COS2m x =-( ) ? E ) cos 2kx; 

2 \ m / k=1 m-k 

while for n odd, n = 2m+ 1, m a nonnegative integer, 

(3) 2n-1 cosn X = 22m COS2m+l X = E ( ? ) cos (2k + 1)x. 
k==O m- k 

Proof of (A). On row n the number on the outside diagonal is the entry under 
the column headed by cos nx, and from both (2) and (3) the coefficient of cos nx 
is (n)=1. 

Proof of (B). When n is odd, (3) shows that the FCE of 2n-I cosn x begins 
with cos x, so the constant term is 0. 

Proof of (C). Consider n-1 odd; then n-1 = 2m + 1, m a nonnegative integer. 
The coefficients of the FCE of 2n-1 cos n X are given by (2)-i.e., the entries on 
the odd row, n-1 = 2m+ 1 of Figure 2. To obtain entries on the even row 
n=2m+2-i.e., the coefficients in the FCE of 2n cosn+1 x-multiply (3) by 
2 cos x, and into the result set the identity 

(4) cos px cos qx = 2[cos (p - q)x + cos (p + q)x], 

yielding 

2n CoSn+l X = 22m+1 Cos2n27+2x = ( ) + E {[ Ck) 

(5) /2m + (cs k 2 + 1\ 
+ k+ 1)] (COS 2kx) ) cos 2(m + 1)x. 

From (5), the constant term in the FCE of 2n Cosn+l x is the same number as the 
entry under the column headed by cos x in Figure 2 on row 2m+1. 

Proof of (D). When n is odd, put n=2m+1, m a nonnegative integer. In 
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Figure 2, entries on row n are the coefficients of the FCE of 2n-1 cos" x, given 
by (3). To obtain entries on row n+ 1, multiply (3) by 2 cos x, obtaining 

1 /2m +2 m+l/ 2m +2\ 
(6) 2n cosn+' x = 22m+2 cos2m+2 X = + ( + ) cos 2kx. 

From (6), on row 2m+2 in the interior of Figure 2, the coefficient of cos 2kx is 
(i+2- ); from (3), on row 2m+1 the coefficient of cos (2k- l)x is (.2f++1) and the 
coefficient of cos (2k+1)x is (2hm'). The binomial coefficients add according to 
the law 

(7) + 

so that (D) follows immediately for n odd. When n is even, put n = 2m, m a 
positive integer. Once more, given the coefficients of the FCE of 2n-1 cosn X 
from (2), we construct the coefficients of the FCE of 2n cos"+' x by multiplying 
(2) by 2 cos x, giving 

2n COSn+l x = 22mn+1 COS2m+l = (2m+1 
\m-1 

(8) 

+ Z( 1) cos (2k + 1)x k=l m-k 

after using (7). From (8), on row 2m+1 in the interior of Figure 2 the coefficient 
of cos (2k+1)x is (2ij'); in (3), the coefficient of cos 2kx is (,,^) and the coeffi- 
cient of cos 2(k+1)x is (m 2,1); using (7), the sum of the latter two coefficients 
equals the former. 

Proof of (E). Trivial for n even; to go from an even to odd row, take n even: 
n = 2m, m a positive integer. The coefficient of cos x in the FCE of 2n cosn+l x on 
row (2m +1) is the first term in (8); with (7)(2M_+1) - + (2 )+( )in which the 
right hand member is, in the FCE of 2n-1 cosn x, the sum of the coefficient of 
cos 2x and twice the constant term. 

Finally, to prove (F). From (1) the coefficients of 2n cosn x are the binomial 
coefficients, with sum 2n, so the FCE of 2n-1 cosn x has coefficients with sum 2n-1. 

5. Construction of the Fourier triangle for 2n-1 sin n x. The Pascal type 
triangle for the Fourier expansion of 2n-1 sin" x is somewhat more complicated 
than that for the FCE of 2n-1 cosn x, and is displayed as Figure 3. There, given n, 
numbers on row n under the columns headed by 1, sin x, cos 2x, sin 3x, 
cos 4x, * * * are the coefficients of those terms in the Fourier expansion of 
2n-1 sinn x. 

Figure 3 is constructed as follows: 
(A) All of the numbers on the diagonal have absolute value 1, beginning with 

+1, changing to -1 for the next two consecutive entries, returning to +1 for 
the following two consecutive entries, then back to -1 for the two succeeding 
entries, etc., in this way alternating in sign in groups of two. 
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(B) On row n+1, the entry in the column of constants (headed by 1) 
is the coefficient of sin x on the row n above. 

(C) Under the column headed by sin x the entry on row n + 1 is twice the 
entry on row n under the column headed by 1 less the entry under the column 
headed by cos 2x. 

(D) In the interior of the triangle, except for the entries under the column 
headed by sin x, every entry on row n +1 is the sum of the absolute values of 
the two numbers directly to its left and to its right on row n, or the negative 
of this sum; the sign is that of the 1 on the diagonal intersecting the column. 
Alternatively, on row n+1 the entry under a column headed by a sine is the 
number directly to its left less that directly to its right, both on row n; the entry 
under a column headed by a cosine is the number directly to its right less that 
directly to its left, both also on row n. 

(E) On row n the sum of the absolute values of the coefficients is 2n-'. 
Certain other features of the triangle of Figure 3 are of interest. 
(F) In each column, every nonzero entry has the sign of the 1 on the diagonal 

intersecting that column. 
(G) On each row, the nonzero numbers alternate in sign, always beginning 

with a positive number. 
Proofs of the statements (A)-(G) above, explaining the construction of the 

triangle of Figure 3, are similar to those presented earlier to support the con- 
struction of Figure 2. 

Sum of Absolute 
n 2n-1 sin' x 1 sin x cos 2x sin 3x cos 4x sin 5x cos 6x sin 7x cos 8x sin 9x .** Values of 

Coefficients 

1 20 sin x 0 1 20 

2 21 sin2x 1 0 -1 21 

3 22 sin3 X 0 3 0 - 1 22 

4 23 sin4 X 3 0 -4 0 1 2 

5 24 sin5x 0 10 0 -5 0 1 24 

6 25si_n6x 10 0 -15 0 6 0 -1 2 

7 26 sin7 x 0 35 0 -21 0 7 0 -1 26 

8 27 sin8 x 35 0 -56 0 28 0 -8 0 1 27 

9 28 singx 0 126 0 -84 0 36 0 -9 0 1 28 

FIG. 3. The Fourier sine/cosine triangle for 2n-1 sin nx. 
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ON THE ORIGINAL MALFATTI PROBLEM 

MICHAEL GOLDBERG, Washington, D. C. 

1. Introduction. In 1803, Malfatti (1737-1807), of the University of Ferrara, 
proposed the following problem [1]: 

Given a right triangular prism of any sort of material, such as marble, how shall 
three circular cylinders of the same height as the prism and of the greatest possible 
volume be related to one another in the prism and leave over the least possible amount 
of material? 

This reduces to the plane problem of cutting three circles from a given tri- 
angle so that the sum of their areas is maximized. 

Malfatti, and many others who considered the problem, assumed that the 
solution would be the three circles which are tangent to each other, while each 
circle is tangent to two sides of the triangle, as in Figure la. These circles have 
become known as the Malfatti circles. The construction of the Malfatti circles, 
and the derivation of their sizes, have been the subject of many elegant papers. 
A brief history of these is given by Eves [2], and a more extensive history is 
given by Lob and Richmond [3]. The solution by Schellbach is given by 
Dorrie [4]. 

(a) (h) 

(c) (d) 

FIG. 1. Arrangements of circles. 

It was not until 1929 that Lob and Richmond [3] noted that the Malfatti 
circles were not always the solution of the original Malfatti problem. In a brief 
note at the end of their paper, they remarked that for an equilateral triangle, the 
inscribed circle, with two little circles squeezed into the angles, contain a 
greater area than Malfatti's three circles. Eves [2] indicates that for very tall 

241 
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triangles, three circles placed one above the other can have a combined area 
greater than that of the Malfatti circles. It is the purpose of this note to show 
that the Malfatti circles are never the solution of the original Malfatti problem. 

2. Cirles tangent to a line. A maximum area is not reached unless each circle 
is restrained from growing by making at least three contacts, either with the 
sides of the triangle or with other circles. These contacts must be distributed 
along the circumference so that they do not all lie within a semicircle; otherwise, 
the circle would not be in static equilibrium and could be enlarged by some 
adjustment. The Malfatti circles meet this condition and give a local maximum. 
However, other arrangements also meet this condition. The Malfatti arrange- 
ment is the only one in which each side touches only two circles, as shown in 
Figure la. In the other arrangements, the three circles touch the same side of 
the triangle. There are three such arrangements, shown in Figures lb, lc, and 
ld. The middle circle may be the largest, the smallest, or the median circle. The 
case in which the smallest circle is in the middle, as shown in Figure lb, can be 
improved by placing the smallest circle in the opposite angle where it can be 
larger, as shown in Figure la. The dotted line in Figure lb is the other tangent 
to the two larger circles. By symmetry, the dotted circle is the same size as the 
smallest circle. However, by removing the constraint of the dotted line, the 
dotted circle can grow until it becomes the dashed circle when it touches one of 
the sides of the triangle. Each of the other cases may be best, depending upon 
the angles of the given triangle. 

3. The Lob-Richmond-Goldberg construction (LRG). The following con- 
struction always yields a larger area than the Malfatti circles. First inscribe a 
circle in the given triangle. Then inscribe the second circle in the smallest angle 
and tangent to the first circle. The third circle may be inscribed in the same angle 
or in the next larger angle-whichever permits the larger circle. There are equiv- 
ocal cases in which the two have the same area. 

4. The radii of the Malfatti circles. The given triangles may have all possible 
shapes. Let us assume that they all have an inscribed circle of unit radius. Then, 
if the radii of the Malfatti circles are designated by r1, r2, r3, it is shown by Lob 
and Richmond [3, p. 302] that 

rl = (1 + v)(1 + w)/2(1 + u), r2 = (1 + w)(1 + u)/2(1 + v), 

r3 = (1 + u)(1 + v)/2(1 + w), 

where u=tan A/4, v=tan B/4, w=tan C/4, and A, B, C are the angles of the 
triangle. 

If we maximize the sum of the squares of the radii, then this is 
equivalent to maximizing the area. For the Malfatti circles, let M=r2+r2+r . 

Since tan (A/4+B/4+C/4)=tan 7r/4=1, we have (u+v+w-uvw)/ 
(1-vw-uw-uv) =1, from which w= { (1-uv)-(u+v) }/{ (1-uv)+(u+v) } 
and 1 +w = 2(1-uv)/l{ (1-uv) + (u+v) }. By means of this equation, the vari- 
able w can be eliminated, leaving M as a function of only u and v, namely: 
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M = (1 + U)2(1 + v)2(1 + u + v - uv)2/16(1 - uv)2 

+ (1 - uV)2{ (1 + U)4 + (1 + v)4}/(l + u)2(1 + V)2(1 + u + V - uV)2. 

5. The radii of the LRG circles. The first circle has unit radius. Let the small- 
est angle be called A, and the next larger angle (or equal) be called B. Then, 
the radius of the second circle is given by r2=(1-sin A/2)/(l+sin A/2). If 
tan A/4=u, then, since sin A/2=(2 tan A/4)/(1+tan2 A/4)=2u/(1+u2), 
we have 

?'2 = (-)/(l + U) } 22 

r3 = {(1 - v)/(l + V) }2, if the third circle is in B, (Case 1). 

or 

r3 = {(1-u)/(1 + U)}4, if the third circle is in A, (Case 2). 

Hence, LRG(1) =r2+r2+r 2= 1 + { (1 -u)/(1 +u) }4+ { (1 -v)/(l +V) }4, and 
LRG(2) = 1 + { (1 -u)/(1 +u) }4+ { (1 -U)/(1 +U) } 8. 

6. The case of the equilateral triangle. The problem for the special case of 
the equilateral triangle has been extended by Procissi [5]. He inscribed a circle 
of radius y in one angle of an equilateral triangle of edge 2 and two circles of 
radius x in the other two angles, making the circles of radius x tangent to the 
circle of radius y. Then the relation between x and y is given by 

y = {2V/3-x- V8x(v/3-x)}/3. 

If S is the sum of the areas of the circles, then in Procissi's notation, F(x) 
-9S/Ir- = 9(2x2+y2). The graph of the function F(x) is shown in Figure 2. The 
curve has a horizontal tangent near x = 0.27. At this point, the function has the 
minimum value of. 3.320. 

The Malfatti circles are given by x = y = (AV3-1)/2 = 0.366 for which 
F(x)=3.618. The LRG circles are given by x= V3/99=0.192, then y-V3/3 
=0.577, and F(x) = 3.667. Each of these two values of F(x) is a "corner maxi- 
mum" since the slopes of the curve at these points are not zero. 

For x <0.192, the circle of radius y protrudes outside of the triangle, and for 
x> 0.366, the circles of radius x will overlap. Both of these cases are not admissi- 
ble by the geometric conditions of the problem. 

7. The general triangle. If a circle of radius x is inscribed in one angle of a 
given triangle and then circles of radii y and z are inscribed in the other angles, 
making the circles of radii y and z tangent to the circle of radius x, then y and z 
are expressible as functions of x. Therefore S is a function of x, say F(x) = 9S/wr. 
This function is similar to the function for the equilateral triangle; namely, it 
will have a minimum for some value of x, and two "corner maxima," one of 
which corresponds to the Malfatti circles and the other to three circles tangent 
to one side. In general, these curves can be made in three ways, depending upon 
the choice of the angle in which the circle of radius x is inscribed. It will be 
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5.0 

F(X) 

2 - 
4.0 - 

3.667 - 

3.618 

3.320 

3.0 
x 0.192 0.278 0.366 

LRG MIN M 

FIG. 2. Three circles in equilateral triangle. 

A =180? 

A =1200 

FIG.A3./Location/ofXsectionso A=60c 

|~~~~~~~ _=0? 

FIG. 3. Location of sections of surfaces. 
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shown that there is always a choice which makes the Malfatti sum the smaller 
of the two maxima. 

8. Graphical demonstration of the nature of the surfaces. A rigorous alge- 
braic proof of the greater values of the LRG sums over the M sums could be- 
come quite involved. It is proposed, therefore, to compute and describe the 
surfaces which represent the LRG and M sums as functions of the variables 
A, B, and C. Since A +B +C=-r, we can indicate a triangle of angles A, B, and 
C as a point P in an equilateral triangle of height wr (Figure 3). Then, the dis- 
tances of the point from the sides of the triangle are A, B, and C. The continuous 
one-parameter family of isosceles triangles is represented by a median of the 
equilateral triangle. The values of LRG and M were computed for these isosceles 
triangles and are shown on the graph of Figure 4. Figure 5 shows the values for 
A = 0, and B + C= 1800. Figure 6 shows the values for A =600 and B + C = 1200. 
Figure 7 shows the values for A = 1200 and B + C= 600. The curves on these 
graphs correspond to the sections of the surfaces cut by the planes indicated by 
the lines of Figure 3. 

The M surface resembles a paraboloid of revolution. The LRG surface can 
be approximated by a segment of a paraboloid of revolution which has been 
deformed so that the circle at the top edge has been distorted into an equilateral 
triangle. 

3.0 I t T I 

I.0 
00 300 600 1200 1500 1800 

FIG. 4. Isosceles triangles, B =C. 
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3.0 
LRG 

2.0T 

1.06 
00 300 600 90? 1200 1500 1800 

B 

FIG. 5. A = 00. 

For both surfaces, the lowest point occurs at (A, B, C) =(600, 600, 600). 
The axis of the surfaces is a vertical line through this point. A plane passing 
through this axis cuts the surfaces in two curves. One case is shown in Figure 4. 
Another case is shown in Figure 6. For other directions, an interpolated pair of 
curves is obtained. From the nature of the functions from which the surfaces 
are computed the curves are well behaved; they are continuous and have con- 
tinuously increasing first derivatives. The surfaces made from these curves are, 
similarly, well behaved. 

For each section through the axis, the curves have horizontal tangents at 
the axis. The ordinate of the lowest point of the M surface is 9(2- V/3)/2 
= 1.206. The ordinate of the lowest point of the LRG surface is slightly greater, 
namely, 11/9 = 1.222. As we move away from the axis, the ordinates increase 
monotonically. The rate of increase on the LRG surface is always greater than 
the rate of increase on the M surface. Hence, over any point of the base triangle, 
the ordinate of the LRG surface is always greater than the ordinate of the M 
surface. This is evident from the numerical computation and graphing of the 
curves. A rigorous demonstration of this fact would be desirable, but it has not 
yet been developed. 
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FIG. 6. A =600. FIG. 7. A = 1200. 
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M, N, denote positive integers or functions. 
The Arithmetic Mean and Geometric Mean inequality is 

M 

V/a1a2 ... aM < (a + a2 + * + aM)/M unless a, = a2= * =aM. 

A familiar generalization of the inequality says that if Pl+P2+ +PM=1 
then 
( PI Vi 2 PAM 

a, a2 am <* p* *+P22+ + pMaM unless a1 = a2= =M. 

When discussing inequalities it is interesting to look for a function which is 
convex and whose value increases smoothly from one side of the inequality 
to the other. Precisely what we mean by this statement will be clear from the 
sequel, and the kind of function we have in mind is given in 

LEMMA 1. The function 
M a1z 

F(X) = E arbr 
I=1 

is strictly convex for all x, unless for each I= 1, 2, * , M either a. = 0 or b== 1 
when it is constant. 

The result is trivial because 

d2F(x)/dx2 = > aba$(ae log b)2 = 0 

Consider now the special case in which the function of the form F(x) is 

M PI1 PM 1-(P 1+ -+PM ) 
G(x) = (a 1 ...M a) Epla( 

I=1 

Clearly 

(2) G(O) = plal + p2a2 + + pMaM, 

and 

(3) G(1) = a, a2 *** aM if pl + p2 + + PM 

so in view of the generalized A.M. and G.M. inequality (1) it is of interest to 
find the minimum of this convex function G(x), and we do so in 

THEOREM 1. Let the minimum of G(x) be attained at x = x0; then 0 <xo <1 or 
xo= 1 or 1 <xo according as P=P1+P2+ * * * +pM is > 1 or = 1 or < 1. 

Equations (2) and (3) show that this theorem provides a wide generalization 
of inequality (1). An interesting result given by G(O) <G(- 1) is 

(a,l ... a )(pial + * + pmam) < pial +*** + pMama m 1~~~~~~~~~~~~~~~~~~11 

In order to prove Theorem 1, we need a result which is of interest on its own 
merits, namely 
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LEMMA 2. Let 
aa 

I' M IJlal+***+IMaM P(c )=(al **aM ) 

and 
plala PMaM" p1++pM 

Q() = (a, *aM ) 

then P(a)=Q(a) according as a > O or a =O or a <O unless a,=a2= am. 

In particular, putting Pl=P2= = PM= =a=1 in Lemma 2 shows that 
(al * * * aM)ai+ +aM<(a 1l ... a a,)M unless a1=a2= * am 

To prove Lemma 2 we may assume a= 1, for otherwise we simply make the 
substitution a'= cI. We use induction on M. For the case M= 2 we note that 

Pi P2 pjlal+P2a2 P1VP2 (a2-aj) 
(al a2 ) = ajN < 

(aPJLala2p2a2 PI+.P2 a2} (ar11a 2 )1+ 2) 1 

and for the general case we have 

P'i PM pl al+ +IpMaM PlP2 (a2-al) Pl,PM (aM-al) 
(al aM) (a,) a,) 

(apIaI ... a PmaM)PI+_ +PM a2 aM 

2P2 P'M P2a2+ +IPMaM 
(a2 ... aM) 

(aP2a2 ... apMaM) P2+ -+.PM 

from which the lemma follows. 
To prove Theorem 1, by straightforward differentiation we find that 

dG- = log < 0 by Lemma 2. 
dx Q(1) 

Similarly 

dG(1) PI PM P(a) 

dx al *** aM log 
- 

Q(a) 
where a is given by 1-a =Pl+P2+ * +PM, and the theorem follows by 
Lemma 2. 

Another example of a function of the form of F(x) is the convex function 

M PI1IP2 '.PMX /IP/I 
H(x) = E piar(ala2 ... aM + aI) 

I=1 

for which 

dH(O) P(1) = PlP2 *...PM log1Q( < 0, 
dx Q(1) 
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where in P (a) and Q(a) alone we have Pl=P2= * =PMm=1. The inequality 
H(O)<H(-1) is 

v m_ v $ {a PlP2 ..PM/Pi 

SOME REMARKS ABOUT REAL ALMOST 
CONTINUOUS FUNCTIONS 

TAQDIR HUSAIN, McMaster University 

In view of the use of almost continuous mappings in [2], [3] and elsewhere, 
it is of some interest to compare properties of real almost continuous functions 
with those of real continuous functions. 

A real-valued function f defined on the real line R or on a subset of it is said 
to be almost continuous at xo(R if, for each e> 0, there exists a a = a(E) > O such 
that the set {x: lf(x)-f(xo)l <e} is dense in the open interval (xo-5, x0+6). 
In other words, the closure of the inverse image of each neighborhood of f(xo) 
is a neighborhood of xo. f is almost continuous if it is so at each x0. 

It is clear that each continuous function is almost continuous. But the con- 
verse is not true, as follows from Example 2 at the end of this paper. 

In this note we show among other results that a real almost continuous func- 
tion on a closed bounded interval [a, b] is not necessarily bounded (Example 5). 
Moreover, the image of a compact set under an almost continuous mapping need 
not be compact (Example 1). Thus almost continuous functions violate well 
known properties of continuous functions. 

In contrast we have counterparts of two well known results for continuous 
functions. The uniform limit of a sequence of almost continuous functions is 
almost continuous (Theorem 2) and the pointwise limit of a sequence of such 
functions need not be almost continuous (Example 4). 

We also give a number of examples by way of comparing almost continuous 
functions with semicontinuous functions, functions of Baire class one, Riemann 
integrable functions, and derivatives. 

A real-valued function f defined on the real line R or on a subset of it is 
said to be approximately continuous at x0 if, for each E>0, the set G-= {x: If(x) 
-f(xo) <e } has the metric density 1 at x0; i.e., for each interval Is of length 8 
with center xo, 

m(G n 13) 
Metric density = lim ) = 1, 

a Io m(I3) 

where m(A) denotes the Lebesgue measure of A. 
Since the metric density of an open set at each of its points is equal to 1, it 
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where in P (a) and Q(a) alone we have Pl=P2= * =PMm=1. The inequality 
H(O)<H(-1) is 

v m_ v $ {a PlP2 ..PM/Pi 

SOME REMARKS ABOUT REAL ALMOST 
CONTINUOUS FUNCTIONS 

TAQDIR HUSAIN, McMaster University 

In view of the use of almost continuous mappings in [2], [3] and elsewhere, 
it is of some interest to compare properties of real almost continuous functions 
with those of real continuous functions. 

A real-valued function f defined on the real line R or on a subset of it is said 
to be almost continuous at xo(R if, for each e> 0, there exists a a = a(E) > O such 
that the set {x: lf(x)-f(xo)l <e} is dense in the open interval (xo-5, x0+6). 
In other words, the closure of the inverse image of each neighborhood of f(xo) 
is a neighborhood of xo. f is almost continuous if it is so at each x0. 

It is clear that each continuous function is almost continuous. But the con- 
verse is not true, as follows from Example 2 at the end of this paper. 

In this note we show among other results that a real almost continuous func- 
tion on a closed bounded interval [a, b] is not necessarily bounded (Example 5). 
Moreover, the image of a compact set under an almost continuous mapping need 
not be compact (Example 1). Thus almost continuous functions violate well 
known properties of continuous functions. 

In contrast we have counterparts of two well known results for continuous 
functions. The uniform limit of a sequence of almost continuous functions is 
almost continuous (Theorem 2) and the pointwise limit of a sequence of such 
functions need not be almost continuous (Example 4). 

We also give a number of examples by way of comparing almost continuous 
functions with semicontinuous functions, functions of Baire class one, Riemann 
integrable functions, and derivatives. 

A real-valued function f defined on the real line R or on a subset of it is 
said to be approximately continuous at x0 if, for each E>0, the set G-= {x: If(x) 
-f(xo) <e } has the metric density 1 at x0; i.e., for each interval Is of length 8 
with center xo, 

m(G n 13) 
Metric density = lim ) = 1, 

a Io m(I3) 

where m(A) denotes the Lebesgue measure of A. 
Since the metric density of an open set at each of its points is equal to 1, it 
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follows that each continuous function is approximately continuous. But the 
converse is not true. 

First of all we prove a simple characterization of almost continuous functions 
similar to that for approximately continuous functions. 

THEOREM 1. A real-valued function f on R is almost continuous at xo if and 
only if there is a subset H of R which is dense in a neighborhood of xo and such that 
f is continuous at xo with respect to H; i.e., if { xn } is a sequence in H converging to 
xO, then {f (xn) } converges to f(xo). 

Proof. The "if" part is obvious in view of the definition of almost continuity. 
For the "only if" part, assumef is almost continuous at xo. For each positive 

integer n there exists a 8n >0 such that the set 

Hin = {X: jf(x) -f(xo) I < 1/n} 

is dense in (xo- n, Xo+6n). By induction, we can assume that { 6n } is a strictly 
decreasing sequence of real numbers converging to 0. Since for each n, Hn is 
dense in (Xo- n, Xo+ n) U 1 Hn is dense in (xo-61, xo+61). It is clear that 
Hn+i CHn for all n > 1. Putting 

G. = H1 . { (xo + A Xo ? 3n) U (Xo - an) XO - an+l) 

we observe that GnGm = 0 if m $ n and H= U1 l GnUI {xo } is dense in (xo -6i, 
xo+61). Now to complete the proof, we show that f is continuous with respect 
to H. Let {xm } be a sequence in H converging to xo. Then xm Gn(m) for each m 
and some n(m), where n(m) depends upon m. Hence xmEHn(m) and therefore 
f(xm)-f(xo)l <1/(n(m)). As m-> oo, clearly n(m)-- oo and this proves that 
{f(xm) } converges to f (xo). 

REMARK 1. A consequence of the above theorem is that each approximately 
continuous function is almost continuous, as pointed out in [3], Section 6. 

REMARK 2. It is worth comparing Theorem 1 with a well known character- 
ization of approximately continuous functions [1, pp. 312-313]. The set with 
respect to which an almost continuous function is continuous is required to be 
only dense, in contrast to the set with respect to which an approximately con- 
tinuous function is continuous which is required to be of metric density 1. Thus 
it is easy to construct an almost continuous function which is not approximately 
continuous. 

THEOREM 2. Let {fn } be a sequence of almost continuous real functions on the 
real line R. If {fn } converges uniformly to a real function f, then f is almost con- 
tinuous. 

Proof. Let E> 0 be given and let xo ER. Since {fn } converges to f uniformly 
there exists no such that for all n no, Ifn (x) -f(x) I <e/3 for all xER. For any 
fixed n-nO we have f(x) -f(xo) f(x) -fn (x) I + fn (x) -fn (xo) I + I fn (xo) 
-f (xo) ? < (2 e/3) + I fn (x) -fn (xo) | 

Since fn is almost continuous the set Gn = {x R: I fn (x) -fn (xo) < (e/3) } is 
dense in some open interval (xo-6, xo+6), 6>0. But clearly GnC {x-R: 
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lf(x)-f(xo)| <e}. Hence the latter set is also dense in (xo-6, xo+6). This 
proves that f is almost continuous at xo. 

REMARK. Theorem 2 compares with the well known result for continuous 
functions. 

PROPOSITION 1. Let f and g be two real-valued functions on R. If f is almost 
continuous and g continuous, then f +g and fg are almost continuous. 

Proof. Let E>0 be given and let xo ER. There exists a 61>O such that for all 
X E (xo - 61, xo + 61), Ig(x) - g(xo) < e/2 and there exists 62 > 0 such that 
x: f(x)-f(xo) <e/2} is dense in (xO-62, X0+62). Let =min(61, 62). Then 
x: f (x)-f (xo) < e/2} is dense in (xo-6, xo + 6). But (xo-6, xo + 6) Q { x: f (x) 

-f(xo) <e/2 } is a subset of (xo-6, xo+6)Gn {x: |f(x)+g(x)-f(xo)-g(xo)| <e}.e 
This shows that the latter set is dense in (xo-6, xo+ ). Hence f+g is almost 
continuous. 

To show that fg is almost continuous, we consider If(x)g(x) -f(xo)g(xo)I 
g(x) I I f(x) -f(xo) I + If(xo) I I g(x) -g(xo) I . It can be assumed that f(xo) F! O 

without any loss of generality. Thus there exists a 61> 0 such that for all 
xe(xo-61, xo+61), lg(x)-g(xo)| <e/(2If(xo)I) by the continuity of g. Indeed 
g can be assumed to be bounded in (xo-6 , xo+6i); i.e., |g(x)? <M for all 
x E (xo - 6, xo+ 6i). Now since f is almost continuous, there exists a 62 such that 
{x: jf(x) -f(xo) I < e/(2M) } is dense in (xO- 62, XO+62) and hence in (xo- 6, xo+ ) 
where a = min(&1, 62). Now using the same arguments as above, we see that fg is 
almost continuous. 

Another condition under which the above proposition is true is given by: 

PROPOSITION 2. Let f and g be two real almost continuous functions on R having 
the same set H with respect to which each f and g is continuous at each point of R. 
(See Theorem 1.) Then f +g and fg are also almost continuous. 

Proof. Immediate. 

PROPOSITION 3. Let E, F, and G be three topological spaces. Let f be an almost 
continuous mapping of E into F and g a continuous mapping of F into G. Then 
the composition, g o f, is almost continuous. 

Proof. Let U be a neighborhood of g(f(x)) CG for xeE. Then by the con- 
tinuity of g, g-1 (U) is a neighborhood of f (x) and then by the almost continuity 
off, 

f-'(g7'(U)) 

is a neighborhood of x. Hence g of is almost continuous. 

REMARK. It is clear that each scalar multiple of an almost continuous func- 
tion is almost continuous. 

(A) The image of a compact set under an almost continuous mapping need not 
be compact. 

Example 1. Let a real function f on [0, 1] be defined as follows: 
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f(x) {x if x is rational in [0, 1] 

) otherwise. 

For each e> 0 and for any rational number roe [0, 1], the set G= {xC [O, 1]: 
1f(x)-rof <e} consists of all rational numbers xE[O, 1] such that ro-e<x 
<ro+e, or all real numbers in [0, 1] according as E<ro or E_ro. In both cases 
G is dense in a neighborhood of ro. Hence f is almost continuous. However, the 
image of [0, 1 ] under f is the set of all rational numbers in [0, 1] which is non- 
compact. 

(B) An almost continuous function need not possess the intermediate-value 
property (i.e., if f(xi) < a<f(x2), for some real a, then there exists X3 such that 
f(X3)= a). 

Example 2. The function { 1 if x is rational 
0 if x is irrational 

is almost continuous but does not possess the intermediate-value property. 
(C) An almost continuous function need not be a derivative. 
This follows from (B) and from the fact that each derivative satisfies the 

intermediate-value property ([4], p. 82, Theorem 5.12). 
(D) An almost continuous function need not be Riemann integrable. Nor need 

a Riemann integrable function be almost continuous. 
The function in Example 2, (B), is almost continuous but not Riemann 

integrable. 

Example 3. Let f be defined on [0, 1] as follows: 

{0 if O<x<1/2 
f(x) = 

f 1 if 1/2<x< 1. 

Then it is easy to see that f is not almost continuous at x = 1/2. However, such 
a function being continuous almost everywhere (in this case outside the set con- 
sisting of 1/2) is Riemann integrable. 

(E) A right (or left) semicontinuous function need not be almost continuous. 
This follows from Example 3. 
(F) A function of Baire class one (i.e., a discontinuous function which is the 

pointwise limit of a sequence of continuous functions) need not be almost continuous. 

Example 4. Let f (n?1) andf be on [-1, 1] as follows: 

1 if 1/2 _ x < 1 

f.(x) = 2n(x-1/2) + 1 if 1/2-1/n < x < 1/2 

t0 if-1<x? 1/2-1/n. 

Eachfn is continuous. Letf(x) =lim f,f (x). Then it is easy to see that { 1 if 1/2 < x ? 1 
0 if-1 < x < 1/2. 
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Clearly f is a function of Baire class one, but it is not almost continuous. (See 
Example 3.) 

This example also shows that the pointwise limit of a sequence of almost 
continuous functions is not necessarily almost continuous. 

(G) An almost continuous function on [a, b] need not be bounded. 

Example 5. Let {En} be a sequence of pairwise disjoint sets in [0, 1] such 
that each En is dense everywhere in [0, 1] and UEn = [0, 1]. It is not hard to 
construct such sets. Define f(x) = n if x eEE where n = 1, 2, * . . . Then f is 
almost continuous but unbounded. 

The author is thankful to Professor W. Orlicz for this example. 
This research was supported by the National Research Council of Canada and a McMaster 

University research grant. 
Added in proof: Theorem 1 appeared recently in the Canad. Bull. of Math. 
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Answers 
A416. 

r( l =f (+dx r dy 

Jo (X2 + 1)(XI + 1) + J1 (y2 + l)(yt + 1) 

In the second integral let y = 1/x. We then obtain 

r1 dx 
I (t) dx - ir/4. 

x2+1 

Thus the range of I(t) = 0. This integral appears in Induction and Analogy in 
Mathematics, by G. Polya. 

A417. The relation can be verified by substituting 2r+x for R. When the tri- 
angle is equilateral, x =0 and R = 2r. 

A418. Including the two primes there are 2k+1 consecutive integers which 
have a g.c.d. of (2k+ 1)! Since the primes do not enter into this g.c.d., it must be 
the g.c.d. for the numbers between the primes. 

A419. Put Si= {(P1, P2, Pn) O <Pi < 1, Pi rational }, and 

S2 ={(XI, x2 . ., xn) 1 2 < x < 3, 0 < xl < 1 for i > 1}. 

These sets exhibit the characteristic indicated in the question. 

(Quickies on page 289) 
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A PROBLEM ON THREE DESARGUEAN 
PAIRS OF TRIANGLES 

CHEN-JUNG HSU, Kansas State University 

In the usual synthetic proof of Desargues' Theorem for two coplanar tri- 
angles we make use of Desargues' Theorem for two noncoplanar triangles. This 
gives rise to a plane figure [i, p. 31] or [2, p. 22] which shows that if each pair 
of three triangles is perspective from the same line, then they are perspective 
from three collinear points. The dual of this statement reads: "If each pair of 
three triangles is perspective from the same point, the three axes of perspectiv- 
ity of these three triangles are concurrent." The proof for this is given as an 
exercise in many books [3, p. 154] and sometimes it is asked if the converse is 
also true. Evidently, the converse of such propositions is not necessarily true. 

However, if we consider the coincident three points as collinear points and 
the coincident three lines as concurrent lines, we can put them together and 
attain a formulation which contains not only the above two statements, but also 
some other special cases. The following lines are devoted to the statement of 
the formulation and its analytic proof as a classroom note. 

PROPOSITION. Suppose every pair of three triangles A1A2A3, B1B2B3, and C1C2C3 
is Desarguean, and they do not have any vertex in common; A1A2A3 and BjB2B3 
are perspective from a point D and a line 1; A1A2A3 and C1C2C3 are perspective 
from a point D' and a line I'; B1B2B3 and C1C2C3 are perspective from a point D" 
and a line 1". Then D, D', and D" are collinear if and only if 1, 1', and 1" are con- 
current. (Three coincident points are considered as collinear, and three coincident 
lines as concurrent.) 

Proof. From the assumption that these pairs are perspective respectively 
from D, D', and D", we can choose coefficients of dependence of the points so 
that 

XIA1 + 141B, = X2A2 + /.2B2 X 3A3 + /u3B3 =D 

(1) A; A1 + v1C1 = XVA2 + V2C2 = v' A3 + V3C3 = D', 

p1 B1 + viC1 = p'B2 + V'C2 = y'B3 + V3C3 = D". 

Moreover, each of the following three sets of points is collinear on the lines 1, 
1', and 1" respectively where 

1: X1A1 - X2A2 = 2B2- lBI) X2A2 - X3A3 = -3B3- 2B21 

X3A3-A1 = ' - A 

1': XA1 - XA2 = v2C2 - v1C1, XA2- XX A 3 = V3C3 -V2C2 

(2) X3' A3 -X1 A1 = v1C1 - v3C3. 

1": j ' B1 - 2 B2 = -21C2-Vl C1, 'B2/ B2- A 'B3 = V3/C3-v2/ C2, 

ii3' B3 - Bi = vl'C1 - V3C3. 

Suppose now that D, D', and D" are collinear. Then there exist a, i, -y (at 
least two of them are nonzero) such that 

255 
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(3) aD +6D'+ yD" = 0. 
From (1) and (3) we have 

(aXi + '3Xf)A1 + (aAli + ,yu)Bl + (j3v, + yv1')Cl = 0, 

(4) (aX2 +f3')A2+ (aIA2 + yi2)B2+ (3V22+yv2')C2 = 0, 

(aX3 + fX3')A3 + (a/A3 + ey13')B3 + (/3v3 + 'yv3')C3 = 0. 
Case I. If every triple of points (A1, B1, C1), and (A2, B2, C2), and (A3, B3, C3) 

is independent, then 

aX1 + fX' = a1A + -yl = fv1 + yv' = 0, 

(5) aX2 + 3X2' = a/A2 + L Y2' = + V2 + YV2' O, 

aX3 + fX3' = aL3 + YL3' = /V3 + YV3' = 0. 

Since at least two of a, f, and y are nonzero, it follows that 
X1 X2 X3 IA 1 IA2 2A3 Vl V2 V3 

1k A3' L Ip2' p 1 I3l 22P 31 2 3 

are all of rank one. Thus we have, for example, X1X2' - X2X1 = 0, from which it 
follows that two points X1A1-X2A2 and X'A1--X'A2 are dependent; i.e., they 
are coincident points. We can see that two points X1A1-X2A2=/A2B2-/A1B1 and 
g' B1 -W'B2 are coincident by the same kind of argument. Therefore these three 
points are coincident. Similarly, it can be shown that the three points X2A2 
-X3A3=A3B3-/A2B2, X2'A2-X3'A3, and /u'B2-gu'B3 are also coincident. Thus we 
have l=l'=l". 

Case II. (A1, B1, C1) are collinear, but every triple of points (A2, B2, C2) and 
(A3, B3, C3) is independent. Then we have (5)2 and (5)3. Consequently 

X2 X 2 IA 2 I 2/ V2 V2 
(6) =0,L =0, / 0. 

(6) X3 X 31' IA33 / V3 V3 

In this case the three points X2A2-X3A3=AA3B3-g2B2, X2'A2-k(A3 = V3C3-V2C2, 
and gB2-gIL'B3= Vz C3-V2' C2 coincide. Therefore 1, 1', and 1" meet at this point. 

Case III. Both triples (A1, B1, C1) and (A2, B2, C2) are collinear. We have 

D = (A1 0 B1) n (A2 0 B2) = (A1 0 B1) n (A3 0 B3), 
(7) D' = (A1 D C1) n (A2 0 C2) = (A1 E C1) n (A3 0 C3), 

D" = (B1 0) C1) n (B2 0 C2) = (B1 0 C1) n (B3 0 C3), 

where A1 0 B1 means the line passing through points A1 and B1; 
(A1EDBj)((A2 B2) means the intersection point of the two lines A10dEB1 and 
A20B2. Thus in this case we have D=D'=D". Consequently (A3, B3, C3) are 
also collinear. 

III1. If X1=XL, then it follows from D=D'=D" and (1) that p1Bj-vjC1= O. 
As it is assumed that B1 and C1 do not coincide, it follows that I,= v=O. Then 
by (2), l=B201B3, l'=C20DC3 and (B2DB3)(rh(C2DC3) lQ", that is, 1, 1' and 1" 
are concurrent. 
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If X1=X' and X2=X2', then, as above, we have 1.kI=vi=O, A2=V2=O. 
Conse- 

quently, from D=D'=D" and (1), we get XlAl=X2A2, which contradicts our 
assumption. Therefore X1 =X' and X2 =X2' cannot happen simultaneously. 

1112. Suppose X1 , X2#X2' and 3tX3'. Then it follows from (1) that 

1 1 
A1 = (viCi - y1BI), A2 = , (v2C2 P2B2), 

(8) 12 -2 

A3 = (V3C3 - /3B3). 

Putting these expressions into (1), we get: 

D = , B, + - C, C B2 + C2 XiMi~~~~~~~~~~X XI- X X 1- X 2- 2 2- 2 

(9) XV A3 A3 X3V3 = B3 + C3. 
X3-X3 X3- X3 

From (9) it is seen that the following three points are collinear on 1": 

1 p1 A2 A2 xivi C 2V2 
B1- B2= C1- C2, 

Xi -k X, 2'- X2 XI -Xi A2 - 2 

2 112 X3 A3 X2V2 X3V3 
(10) B2- _ B3= C2- C3, 

2 - 2 kX3-X3 X2-2 3- 3 

3 13 B .X A1 1 B, 3V3 C3 
%v 

l B3- , _ B1= _ 3 1c 

1112a. If XL (X2X3' - 2'X3) and X' (X1X2' - X2X1') do not vanish simultaneously, 

then 

E = {-X (X2X3' -X2 X3) (X1A IX-2A 2) + X3 (X1X2/ -X2X11) (X2A 2-X3A3)} 
= -{jX1(X2X3' - X2'X3)X1A1 + X2'(X1X3 - Xl3X)X2A2 

(11) + X3' (X1X - X2X1 )X3A3} 

- {-X1(X2X3- 2' X3) (Xi A 1- X A 2) + X3(X1X2/ -X2X 1) (X ' A 2-X3' A3)} 

Thus this point is the intersection of I and 1'. 
By (1), the point E can also be written in the following two ways: 

E = { -X1' (X2X3' - X2' X3) (2B2- 11B1) + X3' (X1X? - X2XL ) (3B3 - 2B2) } 

(12) - 
(X - - XX3) X B - - /2 

- 3- X3)(X1X2 - X1X2) - B2 - X3/ B3) 
X2 - R2 X3 R- 
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This means that the point E is also the intersection point of I and 1". Thus it 
is shown that, in this case, 1, 1', and 1" are concurrent. 

III2b. Suppose that L (X2X3' - X2'X3) and X3' (X1X2/-X2X') vanish simultane- 
ously. 

If Xi' =X1X2' - X2X1' =0, it follows from X' -X,15 that X' = X' = 0. From 
X3 = (X2X3' - X2'X3) =0, it also follows that ?v' = X' = 0. But all such cases as 
well as the case ' = X' = 0 cannot happen because, for example, if X' = X' = 0, 
we have 1C1 = 2C2= D, which contradicts our assumption. 

Thus, the only possible case is (X2X3' - X2'X3) = ()X1X2' - X2X1) =0. Then 
iA1 - X2A, = - uB1 and X' A1i-)' A2 =2C2-z1C1 coincide. Furthermore, 

X2A2 -X3A3 --3B3-p2B2 and X'A2 - X3'A3 = P3C3 - P2C2 also coincide. Conse- 
quently, 1=1' and 1, 1', 1" are concurrent. 

In the above, it has been shown that if D, D', and D" are collinear, then 
1, 1', and 1" are concurrent. The converse follows from this result and the prin- 
ciple of duality. 

References 
1. J. W. Young, Projective Geometry, Macmillan, New York, 1930. 
2. R. G. Sanger, Projective Geometry, McGraw-Hill, New York, 1939. 
3. H. Levy, Projective and Related Geometries, Macmillan, New York, 1961. 

ON THE CONVERGENCE OF TAYLOR SERIES 
FOR FUNCTIONS OF n VARIABLES 

JAMES THOMAS DAY, Mathematics Research Center, University of Wisconsin 

In this paper we shall prove a theorem, for functions of n variables, which is 
analogous to a theorem of S. N. Bernstein for functions of one variable: If F 
and all its derivatives are nonnegative in an interval I, then F is analytic in the 
interval. (See [I] and [2].) The two variable case is included in a more general 
theorem in [5]. [4] shows that if (- 1)mAmf(xi, * * , xn) _ 0, for every nonnega- 
tive integer m, in some open set A then there is an open set UCA in which f 
is analytic. Here Am is the iterated Laplace operator. 

THEOREM. If f and its partial derivatives are nonnegative in an open set A in 
En, then given any point xo in A there exists an open spherical neighborhood P 
about xo (with xo as center) so that the Taylor expansion of f about xo converges to 
f for every xCP. 

Let the point xo have cartesian coordinates (x0, x0, * , x0); then by defini- 
tion of open set there exists a spherical neighborhood S of radius p about xo 
so that S CA . Let P be the open spherical region of radius p - E, e > 0 with center 
at x0. Define r to be the set { (X,X2, X3, . . . , xx) I Xi-x > ,0 i < n, 
(x', x2, * , xn) CP }. We will show convergence of the Taylor series in r and 
then extend it to P. 

Let xEEr. Taylor's formula for n variables (see [3]) is 
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This means that the point E is also the intersection point of I and 1". Thus it 
is shown that, in this case, 1, 1', and 1" are concurrent. 

III2b. Suppose that L (X2X3' - X2'X3) and X3' (X1X2/-X2X') vanish simultane- 
ously. 

If Xi' =X1X2' - X2X1' =0, it follows from X' -X,15 that X' = X' = 0. From 
X3 = (X2X3' - X2'X3) =0, it also follows that ?v' = X' = 0. But all such cases as 
well as the case ' = X' = 0 cannot happen because, for example, if X' = X' = 0, 
we have 1C1 = 2C2= D, which contradicts our assumption. 

Thus, the only possible case is (X2X3' - X2'X3) = ()X1X2' - X2X1) =0. Then 
iA1 - X2A, = - uB1 and X' A1i-)' A2 =2C2-z1C1 coincide. Furthermore, 

X2A2 -X3A3 --3B3-p2B2 and X'A2 - X3'A3 = P3C3 - P2C2 also coincide. Conse- 
quently, 1=1' and 1, 1', 1" are concurrent. 

In the above, it has been shown that if D, D', and D" are collinear, then 
1, 1', and 1" are concurrent. The converse follows from this result and the prin- 
ciple of duality. 
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ON THE CONVERGENCE OF TAYLOR SERIES 
FOR FUNCTIONS OF n VARIABLES 

JAMES THOMAS DAY, Mathematics Research Center, University of Wisconsin 

In this paper we shall prove a theorem, for functions of n variables, which is 
analogous to a theorem of S. N. Bernstein for functions of one variable: If F 
and all its derivatives are nonnegative in an interval I, then F is analytic in the 
interval. (See [I] and [2].) The two variable case is included in a more general 
theorem in [5]. [4] shows that if (- 1)mAmf(xi, * * , xn) _ 0, for every nonnega- 
tive integer m, in some open set A then there is an open set UCA in which f 
is analytic. Here Am is the iterated Laplace operator. 

THEOREM. If f and its partial derivatives are nonnegative in an open set A in 
En, then given any point xo in A there exists an open spherical neighborhood P 
about xo (with xo as center) so that the Taylor expansion of f about xo converges to 
f for every xCP. 

Let the point xo have cartesian coordinates (x0, x0, * , x0); then by defini- 
tion of open set there exists a spherical neighborhood S of radius p about xo 
so that S CA . Let P be the open spherical region of radius p - E, e > 0 with center 
at x0. Define r to be the set { (X,X2, X3, . . . , xx) I Xi-x > ,0 i < n, 
(x', x2, * , xn) CP }. We will show convergence of the Taylor series in r and 
then extend it to P. 

Let xEEr. Taylor's formula for n variables (see [3]) is 
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n 

f(x) = f(xo) + .fi(xo) (X + XI) 
i=l 

1n n 

+ - ,i ?fi(xo)(xz - - xo) + 2! i=1 j=1 
I n n n 

E + q E fil i2 ... qi(Xo)/_X 2 1 .i2 hiq-1 + Rq(x). 
(q-) i1=1 i2=1 iq_jl= 

Here fi(xo) = (9f(xo)/Oxi), etc.; h=x-xo, hii=xii - xoi, etc. Rq(x) is given by 

I n n n 

Rq (x) = E E .. * * hilhi2 . . . h iq 
(2) (q -1)! i1=1 i2=1 iq=l 

( - 
t)q-1fili2... .,(XO + th)dt. 

Consider a point p(E on the line which joins xo to x, chosen so that 4>xi 
for all 1 <i ? n. Let -=io, zi = x - x. Let the parametric representation of 
the line joining xo and p be given by :o+XZ, 0 <X < 1. Since x is on this line there 
exists a X0, 0 <Xo < 1 such that x = io+Xoe. Thus (2) simplifies to read 

1 n n 
Rq (x) = EZilZji2. .. Ziq 

(3) (q -1)! 1=1 tq=1 
1 f 1- t)q-lfili2 ... iq(; + ik) di. 

Since f and all its partial derivatives are nonnegative in A we have that 

i iq(x + th) ? fili2 
... iq)X0 

+ tz) for t C [0, 1], 

and all possible choices of subscripts i1, * , i,. Thus we have that 

1 n n 
0 < R (x) X E j il i Z Ziq 

(1 - t)qfi1i2-..iq(XO + t)dt. 

Inequality (4) in another form is 

(5) 0 < Rq(x) < XoRg(p). 

Since f and all its partial derivatives are nonnegative in A, we have that 
Rq(p) <f(p). Thus we obtain the inequality 

(6) 0 < Rq(x) < Xof(p). 

Since O<Xo<1, we have that 

lim Rq(x) > 0. 
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The cases in which some of the hi= 0 can be treated in the same manner. 
Hence we have the convergence of the Taylor series to the function f on the set 
Q, where Q= {xIxi-xt>O, xEP}. 

Consider a point yEP, y11Q2, with coordinates (yl, y2, , yn). Since Q is 
spherical there is a point x&r so that I yi-4oI =xi-xo, 1 <i<n. The nonnega- 
tivity of f and all its partial derivatives gives us the inequality 

(7) 0 - fij 2.i .iq(Xo + t(y - xO)) < fi q iis(xo + t(x - xO)) 

for tE [0, 1] and all choices of subscripts. It is easily seen that 

(8) 0 ? Rq(y)| Rq(x). 

Since x&P we have that 

lim Rq(y) 0. 

This completes the proof of the theorem. 
In a written communication Professor R. L. Boas has informed the author 

that he gave an elementary proof of the two dimensional case of this theorem 
in an undergraduate thesis at Harvard. 
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GEOMETRIC CONJUGATE OF A POINT RELATIVE 
TO CENTRAL QUADRIC SURFACES 

KRISHAN K. GOROWARA, Wright State University 

1. In ordinary three dimensional Euclidean space consider the central quad- 
ric surface S ax2+by2+cz2-1 =0. The line 

(1) (x - a)/l-=(y - #)lm = (z - y)ln = r, 

passing through the point A (a, 13, y) and having direction numbers (1, m, n), 
will intersect the surface S =0 in two points whose distances from A are the 
roots of the equation a(a +lr)2+bQ3+mr)2+c(y+nr)2 =n 1 or 

(2) r2(al2 + bm2 + cn2) + 2r(aal + b,Bm + c-yn) + (aa2 + b/32 + cy2 - 1) = 0. 

Let r1, r2 be the roots of (2). Consider a point R on the line given by (1). Let 
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The cases in which some of the hi= 0 can be treated in the same manner. 
Hence we have the convergence of the Taylor series to the function f on the set 
Q, where Q= {xIxi-xt>O, xEP}. 

Consider a point yEP, y11Q2, with coordinates (yl, y2, , yn). Since Q is 
spherical there is a point x&r so that I yi-4oI =xi-xo, 1 <i<n. The nonnega- 
tivity of f and all its partial derivatives gives us the inequality 

(7) 0 - fij 2.i .iq(Xo + t(y - xO)) < fi q iis(xo + t(x - xO)) 

for tE [0, 1] and all choices of subscripts. It is easily seen that 

(8) 0 ? Rq(y)| Rq(x). 

Since x&P we have that 

lim Rq(y) 0. 

This completes the proof of the theorem. 
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1. In ordinary three dimensional Euclidean space consider the central quad- 
ric surface S ax2+by2+cz2-1 =0. The line 

(1) (x - a)/l-=(y - #)lm = (z - y)ln = r, 

passing through the point A (a, 13, y) and having direction numbers (1, m, n), 
will intersect the surface S =0 in two points whose distances from A are the 
roots of the equation a(a +lr)2+bQ3+mr)2+c(y+nr)2 =n 1 or 

(2) r2(al2 + bm2 + cn2) + 2r(aal + b,Bm + c-yn) + (aa2 + b/32 + cy2 - 1) = 0. 

Let r1, r2 be the roots of (2). Consider a point R on the line given by (1). Let 
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this point R be at a distance p from A such that p is the geometric mean of ri 
and r2. We define the point R to be the geometric conjugate of A wrt (with re- 
spect to) S= 0. The locus of such points R, as (1, m, n) varies, we shall call the 
geometric conj ugate surface of A wrt S =0. Since p is the geometric mean of r1 
and r2, we have p V \(r1r2), p2 = rr2 =(aa 2+b132+cCy2 -l)/(a12+bm2+cn2) and 

(3) p2(a12 + bM2 + cn2)- aa2 + bI32 + cy2 - 1. 

To obtain the locus of R we replace pl, pm, pn by x- a, y- 3, z-,y respectively. 
Hence the locus of R is given by 

(4) a(x- a)2 + b(y - /)2 + C(Z-y)2 = aa2+ b32 + cy2-1, 

which is a central quadric surface with center at the point A (a, ,B, y) and the 
squares of the lengths of the semiaxes of this central quadric surface are 

(aa2 + b/2 + cy2 - 1)/a, (aa2 + b/32 + cy2 - 1)/b, (aa2 + b&B2 + cy2 - 1)/c. 

An immediate consequence is that if the point (ax, 3, y) is on the surface S = 0, 
then the locus of R is 

a(x - a)2 + b(y - #)2 + C(Z - y)2 = 0, 

which is a cone with vertex (ax, ,B, y) such that direction numbers of the gener- 
ators satisfy the equation a12+bm2?cn2=O. 

2. Simplifying equation (4) we get 

(5) G-ax2 + by2 + cz2-2aax-2biyy-2c-yz + 1=O. 

Taking the intersection of the surfaces G= O and S= O we get 

(6) T-aax + b3y + cyz-1 = 0, 

which is the equation of the polar of the point (a, 13, y) wrt the surface S=0. 
Thus: the polar of a point (ax, 13, y) wrt a given central quadric surface is the 
intersection of the given central quadric surface and the geometric conjugate 
surface of the point (ax, 13, y) wrt the given central quadric surface. 

A shorter form of the equation of the geometric conjugate of A (ax, 13, y) wrt 
S=O is 

(7) S-2T=0. 

3. The equations of the geometric conjugate surfaces of the points 

(a1, j13, 71), (a2, /32, Y2), (a3, /33, 73) wrt S- 0 

are, respectively, 

(8) G ax2+ by2 + cz2- 2alx- 2b/lyy-2cylz + 1 = 0, 
(9) G2= ax2 + by2 + cz2- 2aa2x - 2b#22y - 2cY2z + 1 = 0, 

(10) G3= ax2 + by2 + cz2- 2aa3x - 2b,3y- 2cy3Z + 1 = 0. 

The intersections of G1 =O, G2 =0, G3 = Otaken in pairs are given by 
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(11) G, = G2: ax(ol - a2) + by(Bl- 02) + cz(Y1 - 72) = 0, 

(12) G2= G3: ax(Ca2 -a3) + by(/32 - /33) + cZ(72 - 73) = 0, 

(13) G3 = G1: ax(a3 - a,) + by(33 - i1) + CzQy3 - 71) = 0. 

These equations, being of the first degree, are equations of planes. Each of these 
planes passes through the origin. We denote these planes by Gp12=0, Gp23 , 0 
Gp31=O respectively and call them the geometric conjugate planes of the pairs 
of points [(al, i13, 'y1), (a2, 132, 'Y2) ], [(a2, 132, 'Y2), (a3, 33, 'Y3) ], [(a3, (33, T3), (al, i3, 'Y1) ] 
respectively. The intersection of these planes taken in pairs is a straight line 
whose equation is G1 = G2= G3. 

Considering the planes GpI2=0, Gp23=0, Gp31=O, we can easily see that if 
Gp12=0 passes through (a3, , TO) and if Gp23 =0 passes through (a, , 'y y), then 
Gp31 = 0 passes through (a2, 132, 'Y2). This result has perfect symmetry. 

4. Suppose that the loci GI =0, G2 =0 pass through the points (a2, 02, 72) 
and (a,, j1, yi) respectively. Then we have 

aa2 + b/2 + C72 - 2aala2 - 2b#1j2 - 2cyluY2 + 1 = 0 

and 

aal + b?l + C7 - 2aala2 - 2b31j2 - 2cylY2 + 1 = 0. 

Subtracting the two equations we obtain aal+b 1 1=aa2+b 2 2. Hence: 
if the geometric conjugate surface of a point (a,, 13u, 7i) passes through (a2, 32, 72) 

and that of (a2, 02, 'Y2) passes through (a,, #1, 71), then 

aa2 + b,/3 + c1y = aa2 + bf32 ? C72. 

It is easily seen that this algebra is reversible. 

5. Any point on the line (x-a)/l= (y-13)/m = (z-'y)/n=r has coordinates 
(a +lr, 13+mr, yy+nr). The geometric conjugate surface of this point wrt S = 0 is 

ax2 + by2 + cz2 - 2a(a + Ir)x - 2b(j3 + mr)y - 2c(Qy + nr)z + 1 = 0 

or 

ax2 + by2 + cz2 -2aax - 2b3y - 2cyz - 2r(alx + bmy + cnz) + 1 = 0. 

Since the point P is any point on the given line, the above equation is true for 
all r. Hence 

ax2 + by2 + cz2- 2aax- 2byy- 2cyz + 1 0, alx + bmy + cnz = 0. 

This locus we shall call the geometric conjugate of the given line wrt the central 
quadric surface S=O. 

6. In Section 1 we took the distance, p, of R from A as the geometric mean 
of r1 and r2. Suppose now that p is the arithmetic mean of r1 and r2, i.e., 
p = (r1+r2)/2. Then p =-(aal+b/3m+c yn)/(al2 +bm2+cn2) or 

p2(a12 + bm2 + cn2) = -p(aal + b,3m + cyn). 
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Hence the locus of R (which we call the arithmetic conjugate of A (c, g, y) wrt 
S=O) is 

ax' + by2 + cz2 - aax - b/3y - cyz - 0, 

which is again a central quadric surface passing through the origin and center 
at the point (a/2, d/2, y/2). 

The intersection of the arithmetic conjugate of A with S=O is again the 
polar of A, namely T=O. 

'With the usual notation the equation of the arithmetic conjugate can be 
written as S= T. 

Again, let Ai&ax2+by2+cz2-aaix-bf3iy-c7iz=O be the arithmetic con- 
jugates of (ai, Oh, oy) (i= 1, 2, 3). Then the intersections of the arithmetic con- 
jugates taken in pairs are the same as the geometric conjugate plane of the 
pairs of points. 

This work has been supported in part by Contract No. AF 33(615)-1915 while the author was 
at Wright-Patterson Air Force Base, Ohio, during summer, 1966. 

Reference 
R. J. T. Bell, Coordinate Solid Geometry, Macmillan, London, 1959, pp. 104-105. 

UNIFORM APPROXIMATION OF REAL CONTINUOUS FUNCTIONS 
ON THE REAL LINE BY INFINITELY 

DIFFERENTIABLE FUNCTIONS 
LYLE E. PURSELL, Grinnell College and University of Missouri at Rolla 

The various extensions of the Weierstrass Approximation Theorem given by 
M. H. Stone in [3] apply to bounded functions. In this paper we use a partition 
of unity to show that any real continuous function on the real line R can be 
uniformly approximated by a real, infinitely differentiable function on R. Hence 
if the set C??(R) of all real, infinitely differentiable functions on R is considered 
as an "extended" (0 <distance< ? c) metric space with the metric d(f, g) 
=sup If-gl, then the completion of C(R) via Cauchy sequences may be 
identified with the space C(R) of all real, continuous functions on R. At the end 
of this paper we outline how our method of constructing the approximating 
function can be extended to Euclidean spaces of higher dimension and other 
differentiable manifolds. 

THEOREM. If f is any real, continuous function defined on the real line R and 
e> 0, then there is a real, infinitely differentiable function f, defined on R such that 
!f(x)-f,(x)I <Efor all x in R. 

LEMMA. There exists a real, infinitely differentiable function, which we will call 
the bump function b, such that: 
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Hence the locus of R (which we call the arithmetic conjugate of A (c, g, y) wrt 
S=O) is 

ax' + by2 + cz2 - aax - b/3y - cyz - 0, 

which is again a central quadric surface passing through the origin and center 
at the point (a/2, d/2, y/2). 

The intersection of the arithmetic conjugate of A with S=O is again the 
polar of A, namely T=O. 

'With the usual notation the equation of the arithmetic conjugate can be 
written as S= T. 

Again, let Ai&ax2+by2+cz2-aaix-bf3iy-c7iz=O be the arithmetic con- 
jugates of (ai, Oh, oy) (i= 1, 2, 3). Then the intersections of the arithmetic con- 
jugates taken in pairs are the same as the geometric conjugate plane of the 
pairs of points. 

This work has been supported in part by Contract No. AF 33(615)-1915 while the author was 
at Wright-Patterson Air Force Base, Ohio, during summer, 1966. 

Reference 
R. J. T. Bell, Coordinate Solid Geometry, Macmillan, London, 1959, pp. 104-105. 

UNIFORM APPROXIMATION OF REAL CONTINUOUS FUNCTIONS 
ON THE REAL LINE BY INFINITELY 

DIFFERENTIABLE FUNCTIONS 
LYLE E. PURSELL, Grinnell College and University of Missouri at Rolla 

The various extensions of the Weierstrass Approximation Theorem given by 
M. H. Stone in [3] apply to bounded functions. In this paper we use a partition 
of unity to show that any real continuous function on the real line R can be 
uniformly approximated by a real, infinitely differentiable function on R. Hence 
if the set C??(R) of all real, infinitely differentiable functions on R is considered 
as an "extended" (0 <distance< ? c) metric space with the metric d(f, g) 
=sup If-gl, then the completion of C(R) via Cauchy sequences may be 
identified with the space C(R) of all real, continuous functions on R. At the end 
of this paper we outline how our method of constructing the approximating 
function can be extended to Euclidean spaces of higher dimension and other 
differentiable manifolds. 

THEOREM. If f is any real, continuous function defined on the real line R and 
e> 0, then there is a real, infinitely differentiable function f, defined on R such that 
!f(x)-f,(x)I <Efor all x in R. 

LEMMA. There exists a real, infinitely differentiable function, which we will call 
the bump function b, such that: 
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b(O) = 1 
(i) O<b(x) 1 for-1<x<1, 

b(x)= 0 for x ? -1 or 1 < x; 

(ii) For any integer n and positive integer k 
n+k 

Zb(x-i)==1 forn<x<n+k. 
i=n 

Note. The set of functions, b(x-i), i = 0, + 1, + 2, ,constitute an exam- 
ple of a partition of unity. (See [1], p. 8.) 

Proof of Lemma. The function 

e(x) = exp ((x-1)-1-(x + 1)-1) for-1 < x <1 
= 0 for x < -I or 1 < x 

is infinitely differentiable on Rand is positive for -1 <x<1. (See [2], pp. 25-26 
or [1], p. 3.) Let Z denote the set of all integers and consider the set of all func- 
tions of the form e(x-n), n in Z. For any given n, there are only three functions, 
e(x-n+1), e(x-n), and e(x-n-1), in this set which are not identically zero 
on the interval n-1 <x <n+1. Hence the double infinite series >nez e(x-n) 
converges to an infinitely differentiable function E(x), which is positive every- 
where. Also 

n+k 

Ze(x-i) = E(x) for n < x < n + k 
i=n 

= e(x-n) for n-1 < x < n 
= e(x-n-k) forn+ k < x < n+ k+ 1 
= 0 forx< n-1 or n+k+ 1 < x. 

One can easily show that the function b(x) = e(x)/E(x) has the desired properties. 

Proof of Theorem. By the Weierstrass approximation theorem, for each 
integer n there is a polynomial Pn such that 

I f(X) - Pn(X) < 6 for n - 1 ? x < n + 1. 

Define fe by 

f4(X) = E P(x)>b(x -k) 
keZ 

then fe is infinitely differentiable for all x. 
Consider x = n. Then b (n - n) = 1 and b (n - k) = 0 for any integer k $ n. Hence 

fe(n) = pn (n). Therefore I f (n) -f6(n) I < e. 
Consider n < x < n + l. Then b (x-k) = O for all integers k < n or n + 1 < k. 

Hence 

fe(X) = pn(X). b(x - n) + pn+1(X). b(x -n- 1). 
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Now - e <f(x) -p (x) < E and - e <f(x) -p.+,(x) < e. Therefore 

-(b(x - n) + b(x - n - 1))E < (b(x - n) + b(x - n - l ))f(x) -fe(X) 

< (b(x - n) + b(x - n -1))E. 

But b(x-n) +b(x-n- 1) = 1 for n <x <n+ 1. Therefore jf(x) -f6(x) j < e. Since 
we have shown that jf(x) -f6(x) j <e for n <x <n+ 1 and n is arbitrary, then 
If (x)-f6(x)I <e for all x in R. 

By using a more general partition of unity, our theorem and its method of 
proof can be extended to higher dimensional Euclidean spaces and to certain 
differentiable manifolds. By "differentiable" we mean "infinitely differentiable" 
and by "diffeomorphism" we will mean an "infinitely differentiable homeomor- 
phism." Let X be the space under consideration. A partition of unity on X is a 
family {bI: b a in A } of differentiable functions defined on X such that: (i) 0 
<ba(x)<1 for all oa and all x; (ii) if Ga= {xIba(x)>O}, then the family of sets 
Ga I a in A } is an open, locally finite cover of X (that is, each point x of X has 

an open neighborhood Nx which intersects only finitely many of the sets Ga); 
(iii) the closure of each Ga is diffeomorphic to a compact subset Kat of the Eu- 
clidean space Rn, n=dim X; and (iv) Za ba(x) = 1 for all x. Now given a con- 
tinuous functionf on X to find a differentiable functionf, such that f(x) -f6(x) I 
<e for all x, denote the diffeomorphism from Kat onto the closure of Ga by hat 
and the appropriate polynomial approximation to f o ha on Ka by pa; then take 

fe Z b (pa( Oh) 

Since the above was written we have discovered that our main theorem for the one variable 
case appears as a problem in Introduction to Real Analysis by Casper Goffman, Harper and Row, 
1966, p. 99, problem 5.4. 

The preparation of this paper was partially supported by NSF Research Grant GP-4604. The 
author is indebted to the referee for his suggestions for improving this paper. 

References 
1. S. Helgason, Differential Geometry and Symmetric Spaces, Academic Press, New York, 

1962. 
2. N. Steenrod, The Topology of Fibre Bundles, Princeton University Press, Princeton, 1951. 
3. M. H. Stone, A Generalized Weierstrass Approximation Theorem, Studies in Modern 

Analysis, Studies in Mathematics, vol. 1, The Mathematical Association of America, 1962. 

PLANAR INCIDENCE GEOMETRIES WITH TWO POINTS PER LINE 

R. E. WHITNEY, Lock Haven State College 

This paper discusses planar incidence geometries with two points per line. 
The axioms assumed may be found in [1, p. 121]. Formulae for calculating the 
number of fixed point automorphisms are derived. We first discuss notation. 

Apoint,j, isfixed underamap,A, if and only if 0(j) ==j. LetEk== { 1,2, * * * k 
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Now - e <f(x) -p (x) < E and - e <f(x) -p.+,(x) < e. Therefore 

-(b(x - n) + b(x - n - 1))E < (b(x - n) + b(x - n - l ))f(x) -fe(X) 

< (b(x - n) + b(x - n -1))E. 

But b(x-n) +b(x-n- 1) = 1 for n <x <n+ 1. Therefore jf(x) -f6(x) j < e. Since 
we have shown that jf(x) -f6(x) j <e for n <x <n+ 1 and n is arbitrary, then 
If (x)-f6(x)I <e for all x in R. 

By using a more general partition of unity, our theorem and its method of 
proof can be extended to higher dimensional Euclidean spaces and to certain 
differentiable manifolds. By "differentiable" we mean "infinitely differentiable" 
and by "diffeomorphism" we will mean an "infinitely differentiable homeomor- 
phism." Let X be the space under consideration. A partition of unity on X is a 
family {bI: b a in A } of differentiable functions defined on X such that: (i) 0 
<ba(x)<1 for all oa and all x; (ii) if Ga= {xIba(x)>O}, then the family of sets 
Ga I a in A } is an open, locally finite cover of X (that is, each point x of X has 

an open neighborhood Nx which intersects only finitely many of the sets Ga); 
(iii) the closure of each Ga is diffeomorphic to a compact subset Kat of the Eu- 
clidean space Rn, n=dim X; and (iv) Za ba(x) = 1 for all x. Now given a con- 
tinuous functionf on X to find a differentiable functionf, such that f(x) -f6(x) I 
<e for all x, denote the diffeomorphism from Kat onto the closure of Ga by hat 
and the appropriate polynomial approximation to f o ha on Ka by pa; then take 

fe Z b (pa( Oh) 

Since the above was written we have discovered that our main theorem for the one variable 
case appears as a problem in Introduction to Real Analysis by Casper Goffman, Harper and Row, 
1966, p. 99, problem 5.4. 

The preparation of this paper was partially supported by NSF Research Grant GP-4604. The 
author is indebted to the referee for his suggestions for improving this paper. 
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2. N. Steenrod, The Topology of Fibre Bundles, Princeton University Press, Princeton, 1951. 
3. M. H. Stone, A Generalized Weierstrass Approximation Theorem, Studies in Modern 

Analysis, Studies in Mathematics, vol. 1, The Mathematical Association of America, 1962. 

PLANAR INCIDENCE GEOMETRIES WITH TWO POINTS PER LINE 

R. E. WHITNEY, Lock Haven State College 

This paper discusses planar incidence geometries with two points per line. 
The axioms assumed may be found in [1, p. 121]. Formulae for calculating the 
number of fixed point automorphisms are derived. We first discuss notation. 

Apoint,j, isfixed underamap,A, if and only if 0(j) ==j. LetEk== { 1,2, * * * k 
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(k_ 1), A1= {x}, and B1= {y} where x%y. Let Ak=A A UEk_ and Bk=BPUJEk1 
(k > 1). We assume for any fixed k that x, y E1E_1. We use the following combin- 
atorial symbols: 

(a) (k-j)!j!(o! _ 1) and Pj = k(k-1) ... (k-j + 1) PAO; 1. 

Let mk denote the number of (distinct) 1-1 correspondences from Ak to Bk with 
no fixed points and let nj denote the number of permutations of Ek which leave 
exactly j (O <j ? k) fixed points. Note that n1 represents the number of pseudo- 
rotations of G, the geometry. For example: m=1, m2=1, m3=3, n1 =0, n2= 1, 
n3=2. 

If the geometry, G, has p points, then the number of lines is (2) and the 
total number of automorphisms is p!. Also if G is projective, then p =3 and if 
G is affine, then p=4 [1, p. 161]. If the set of points of G is Ep, then any permu- 
tation of Ep induces an automorphism of G since incidence is preserved. 

Thus a combinatorial discussion of the permutations of Ep yields the number 
of fixed point automorphisms of G. Two recursive formulae for n1. will be de- 
rived. 

THEOREM 1. n'+1 = kmk (k >I). 

Proof. Let q5 be a permutation of Ek+l with no fixed points. 4(1) 
E{2, 3, * k * , k+ }. Assume 4 (1) = 2. Then { 2, 3, k * * , k+l} is mapped 1-i 
onto f 1, 3, * *, k+I } with no fixed points and the result follows. 

THEOREM 2. mk = (k-1)!+ Z.1J= Pk 1nt-J-1 (k ?3). 

Proof (by induction). Let Ck denote the statement of the theorem. C3 is true 
m3=2+n2=3. Assume Ct is true for some t_3. Let q be a 1-I correspondence 
from At+, to B t+. 

Case 1. c (x) =y. The number of permutations of Et =AA 1-t{x} =- Bt+1- y} 
with no fixed points is no. 

Case 2. O(x) y, 4(x)z{1, 2, * , t} =Et. Assume 4(x)=1; then thenum- 
ber of 1-1 correspondences from Et onto {y, 2, . . . , t} is mt. Hence 

mt+l = no + tint + E P 1+ 
j=o 

by our induction hypothesis. Thus Ct implies Ct+1 and the result follows by 
induction. 

In the light of the above we have 

THEOREM 3. (1) n = (p-i) !+ EJP:3 Pf1 lnP-J-1 (p _?4). nj' may be obtained 
from 

THEOREM 4. (2) njv =- G))nvJ (O0 j < p and p ?2) where n? 1. 

Proof. There are (G) distinct sets of j fixed points, each of which leaves p-j 
elements to be permuted with no fixed points. From (2) and the identity 
JL0 njv = p!, we obtain 
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THEOREM 5. (3) nO = p!- EPI (j) n-J (p > 1). 

From (1), (2), and (3), one may calculate the number of fixed point auto- 
morphisms of G. Since the recurrence relations have variable coefficients, it is 
doubtful that more compact forms can be found. 

Reference 
1. W. Prenowitz and M. Jordan, Basic Concepts of Geometry, Blaisdell, New York, 1965. 

EXTENSION OF FEUERBACH'S FORMULA 

FRANK DAPKUS, Seton Hall University 

Feuerbach's Theorem establishes a well-known relationship between the 
radii of 4 circles tangent to 3 lines forming a triangle: 

R 1 Rr 1 + R-1 + Ri-' 

where Ro is the radius of the circle inscribed in the triangle while the other 3 
touch upon it externally. In this note we demonstrate an easy generalization of 
this formula to n dimensions. 

In 3 dimensions let us consider 4 planes pi defined by Aix+Biy+Ciz+Di 
=0 , (i= 1, 2, 3, 4) forming a tetrahedron. If K?= ? (A+?B?Ci) the centers 
of the spheres tangent to all 4 planes are defined by the equations 

KT (Aia + Bj# + Cjy + Di) = KT'(Ajc + Bj/3 + C,y + Dj) 

for all pairs of i and j and for all sign combinations of K's; i.e., each center 
(a, o, -y) is obtained by solving a system of 3 linear equations by Cramer's Rule. 
Using the abbreviation I a b c d I to designate a determinant with rows ai bi ci di 
(i= 1, 2, 3, 4) we can write the solutions as 

a= |K B C DI/IA B C KI, 
A = |A K C D I/IA B C K|, 

= IA B K Df/|A B C K|. 

The radii of the spheres then can be computed by standard methods and are 
given by 

R== |A B C DI/IA B C K I. 
It is easy to see that the R's are determined solely by the sign combinations 

of K's. Our problem is now to relate the signs of K's to particular spheres. 
Let us designate the sphere inscribed in the tetrahedron by So and the four 

touching it externally as S1, S2, S8, S4 where Si touches the tetrahedron on the 
side formed by pi, the corresponding radii being Ri and the center coordinates 
(asi, gig, i). We note that the centers of the spheres are intersection points of the 
bisector planes of the dihedral angles between the pairs of pi. Every edge of the 
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THEOREM 5. (3) nO = p!- EPI (j) n-J (p > 1). 

From (1), (2), and (3), one may calculate the number of fixed point auto- 
morphisms of G. Since the recurrence relations have variable coefficients, it is 
doubtful that more compact forms can be found. 

Reference 
1. W. Prenowitz and M. Jordan, Basic Concepts of Geometry, Blaisdell, New York, 1965. 

EXTENSION OF FEUERBACH'S FORMULA 

FRANK DAPKUS, Seton Hall University 

Feuerbach's Theorem establishes a well-known relationship between the 
radii of 4 circles tangent to 3 lines forming a triangle: 

R 1 Rr 1 + R-1 + Ri-' 

where Ro is the radius of the circle inscribed in the triangle while the other 3 
touch upon it externally. In this note we demonstrate an easy generalization of 
this formula to n dimensions. 

In 3 dimensions let us consider 4 planes pi defined by Aix+Biy+Ciz+Di 
=0 , (i= 1, 2, 3, 4) forming a tetrahedron. If K?= ? (A+?B?Ci) the centers 
of the spheres tangent to all 4 planes are defined by the equations 

KT (Aia + Bj# + Cjy + Di) = KT'(Ajc + Bj/3 + C,y + Dj) 

for all pairs of i and j and for all sign combinations of K's; i.e., each center 
(a, o, -y) is obtained by solving a system of 3 linear equations by Cramer's Rule. 
Using the abbreviation I a b c d I to designate a determinant with rows ai bi ci di 
(i= 1, 2, 3, 4) we can write the solutions as 

a= |K B C DI/IA B C KI, 
A = |A K C D I/IA B C K|, 

= IA B K Df/|A B C K|. 

The radii of the spheres then can be computed by standard methods and are 
given by 

R== |A B C DI/IA B C K I. 
It is easy to see that the R's are determined solely by the sign combinations 

of K's. Our problem is now to relate the signs of K's to particular spheres. 
Let us designate the sphere inscribed in the tetrahedron by So and the four 

touching it externally as S1, S2, S8, S4 where Si touches the tetrahedron on the 
side formed by pi, the corresponding radii being Ri and the center coordinates 
(asi, gig, i). We note that the centers of the spheres are intersection points of the 
bisector planes of the dihedral angles between the pairs of pi. Every edge of the 
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tetrahedron is contained in two such bisector planes, one of which passes 
through the interior of the tetrahedron and the other one does not. It is easy to 
show that one can be obtained from the other by altering the sign of one K in 
the equation K' l(Aix +Biy + Ciz +Di) = K l(Ajx +Bjy+ Cz +Dj) defining the 
bisector plane. 

Since Ro is clearly the shortest of all radii, it must correspond to the sign 
combination of K's that maximizes I ABCKI, i.e., when the expansion of the 
determinant with respect to the fourth column yields all terms of equal sign. 
Now suppose we change the sign of some Ki. This changes all bisector planes 
where pi is involved, i.e., they no longer pass through the interior of the tetra- 
hedron and we get a new sphere touching the tetrahedron externally on the side 
pi. Thus the radii R1, R2, R3, R4 differ from Ro only by the sign of one K in the 
denominator of the formula defining the radii and this fact leads immediately 
to the 3 dimensional version of Feuerbach's Formula: 

2-Rj71 = Ri-' + Ri-1 + Rj-1 + R-1. 

The n-dimensional version of the formula can be obtained by defining a 
plane as a set of points (xi, ., x) where A xi + * * +Ax +B = O. Extend- 
ing the point to plane distance formula and solving the system of n linear 
equations we obtain analogous expressions for the centers and the radii of the 
spheres tangent to all n+1 planes. For the radii we have 

R- A,* * AnB|/ Al- ... AnK| 
where K ?VI(A 2 + +A 2). 

If Ro is considered as the smallest of these radii, and if the determinant in 
the denominator is expanded with respect to the last column, a generalization 
of Feuerbach's Formula to n dimensions follows immediately: 

n 

(n - 1)Ri = E R71. 
i=l 

CONFORMAL LINEAR TRANSFORMATIONS 
ALI R. AMIR-MOItZ, Texas Technological College 

In this expository note we are more concerned about the idea of discovery 
of the theorem which characterizes a conformal linear transformation than in 
simply stating and proving the theorem. 

1. Definitions and notations. A unitary space will be denoted by E. Vectors 
are denoted by Greek letters. The inner product of two vectors will be (t, O). 
The norm of t is ||- = (tq t)1I2. We shall use standard notations for linear trans- 
formation and matrices [1]. The adjoint of A is A* and is defined by (At, P) 
= (*, A *). A linear transformation A on E is called conformal if it satisfies 
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tetrahedron is contained in two such bisector planes, one of which passes 
through the interior of the tetrahedron and the other one does not. It is easy to 
show that one can be obtained from the other by altering the sign of one K in 
the equation K' l(Aix +Biy + Ciz +Di) = K l(Ajx +Bjy+ Cz +Dj) defining the 
bisector plane. 

Since Ro is clearly the shortest of all radii, it must correspond to the sign 
combination of K's that maximizes I ABCKI, i.e., when the expansion of the 
determinant with respect to the fourth column yields all terms of equal sign. 
Now suppose we change the sign of some Ki. This changes all bisector planes 
where pi is involved, i.e., they no longer pass through the interior of the tetra- 
hedron and we get a new sphere touching the tetrahedron externally on the side 
pi. Thus the radii R1, R2, R3, R4 differ from Ro only by the sign of one K in the 
denominator of the formula defining the radii and this fact leads immediately 
to the 3 dimensional version of Feuerbach's Formula: 

2-Rj71 = Ri-' + Ri-1 + Rj-1 + R-1. 

The n-dimensional version of the formula can be obtained by defining a 
plane as a set of points (xi, ., x) where A xi + * * +Ax +B = O. Extend- 
ing the point to plane distance formula and solving the system of n linear 
equations we obtain analogous expressions for the centers and the radii of the 
spheres tangent to all n+1 planes. For the radii we have 

R- A,* * AnB|/ Al- ... AnK| 
where K ?VI(A 2 + +A 2). 

If Ro is considered as the smallest of these radii, and if the determinant in 
the denominator is expanded with respect to the last column, a generalization 
of Feuerbach's Formula to n dimensions follows immediately: 

n 

(n - 1)Ri = E R71. 
i=l 

CONFORMAL LINEAR TRANSFORMATIONS 
ALI R. AMIR-MOItZ, Texas Technological College 

In this expository note we are more concerned about the idea of discovery 
of the theorem which characterizes a conformal linear transformation than in 
simply stating and proving the theorem. 

1. Definitions and notations. A unitary space will be denoted by E. Vectors 
are denoted by Greek letters. The inner product of two vectors will be (t, O). 
The norm of t is ||- = (tq t)1I2. We shall use standard notations for linear trans- 
formation and matrices [1]. The adjoint of A is A* and is defined by (At, P) 
= (*, A *). A linear transformation A on E is called conformal if it satisfies 
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(1) ~ 
~~~II A j II AI jj 11 

= II 11 I |(| 
1,|A1|# 

? 

for all nonzero t and ? in E. 

2. A matrix approach. Let {I, a , an } be an orthonormal basis for En, 
an n-dimensional unitary space. We shall consider only matrices with respect 
to this basis. Since A satisfies (1) we must have (Aai, Aaj) =0 for i#j. Thus the 
matrix of AA* will be 

|| Aall| 2 O 

I0lAanllj 
We observe that (At, AD) - (t, AA*) and Aj = (, AA*1)lI2. Let 

(Xl, *** Xn) and P=(yi, * * *, yn). Then (1) will be 

IlAall 12xyl + * II +A ann 12XnYn 

(11 Aa121 X1 12 + ...+ IlAanj 121 Xn 12)1/2(l 1Aall12I Y1 y 2 + ...+ 11 Aan|121 Yn 12)1/2 

Xlyl + * + Xnyn 

(I | , 12 + + I Xcn 12)1/2( | y, 12 + + I Yn 12)1/2 

Let some xi,O; for example suppose xi5?O. Since (1) is true for all i, EEn we 
choose t= (1, 0, , 0) and II = 1. Thus (1) will be 

11Aaljl 
(1 Aa12 1 X,1I2 + . + II Aa nI21 Xn 12)1/2 

This implies that |IAajII = ... = I I Aan| | #0. Therefore A is of the form of m U 
where m is a positive real number and U is unitary. Here 

jj IAailljn 

Since we can write U= ei0 V, where V is unitary, we have A = p V= mei0 V. So 
far a proposition for finite dimensional cases has been obtained. We shall try 
the theorem in general. In order to have a clearer view of the problem we state 
a theorem and its converse. 

3. THEOREM. Let c be a complex number and U be a unitary transformation on 
E. Then A = c U is conformal. 

Proof. We observe that 

(At, At) cj(Ut, UO) (Q, 0 

II A t|| II A t|| I c II || j It| c I ||.~ j I| | j I | | j 

4. THEOREM (converse of 3). If A is a conformal linear transformation on E, 
then A = c V, where c is a complex number and V is unitary. 
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Proof. Without loss of generality we can choose | | = 1. Thus (1) will 
become 

(At, As) =( P) IIA(jj 7 O, A --z 0. 

This equality implies that (S, AA*r)=HAtjj J|AL|1(#, P). Thus we can write 
( [AA*-l AS IAL11]r)=O, for all t and r with | =||| =1. Therefore AA* 
-IIAwII A I II= O which implies that 

1 

f a wA~jj 
IIAj 

I AA* 
= 

for all andwith 11=11?11 =1. Let us choose t= Then 

(|A| ) 1 1 A*) = 1. (11 A)(jjA JA* 

Thus B=(1/|1Atfl)A is unitary and we must have (1/||A$||)A*=B-1 and 
|AS|11= 11AP| forall l11 = 11?1=1. Let |A = 1/(m), m> O. Then (1/m)A = U is 
unitary and we can write 

A = mU = mei0V = cV 

where V is unitary. 

Reference 
1. A. R. Amir-Moez and A. L. Fass, Elements of Linear Spaces, Pergamon Press, New York, 

1962, pp. 123-130. 

A SEQUENCE-APPROACH TO UNIFORM CONTINUITY 
JOHN H. STAIB, Drexel Institute of Technology 

In recent years there has been a renewed interest in using sequence methods 
in the teaching of elementary calculus. Many proofs are, in this writer's opin- 
ion, made both more rigorous and more readable by such methods. In this note 
we shall consider an application of uniform continuity from the sequence point 
of view. (The proofs that follow will be presented here in the same amount of 
detail that I would use in the classroom. We take our functions to be real valued 
and our space to be Euclidean.) 

DEFINITION 1. Let {Pn } and {Qn } be two point sequences that are related in 
the following manner: { fP- } --0. Then we shall say that they are parallel 
sequences. 

THEOREM 1. Let f(P) be continuous in a closed, bounded set S. If {P" } and 
Qn } are any two parallel sequences in S, then {f (Pn) -f(Qn) } -*0. 
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Proof. Without loss of generality we can choose | | = 1. Thus (1) will 
become 

(At, As) =( P) IIA(jj 7 O, A --z 0. 

This equality implies that (S, AA*r)=HAtjj J|AL|1(#, P). Thus we can write 
( [AA*-l AS IAL11]r)=O, for all t and r with | =||| =1. Therefore AA* 
-IIAwII A I II= O which implies that 

1 

f a wA~jj 
IIAj 

I AA* 
= 

for all andwith 11=11?11 =1. Let us choose t= Then 

(|A| ) 1 1 A*) = 1. (11 A)(jjA JA* 

Thus B=(1/|1Atfl)A is unitary and we must have (1/||A$||)A*=B-1 and 
|AS|11= 11AP| forall l11 = 11?1=1. Let |A = 1/(m), m> O. Then (1/m)A = U is 
unitary and we can write 

A = mU = mei0V = cV 

where V is unitary. 

Reference 
1. A. R. Amir-Moez and A. L. Fass, Elements of Linear Spaces, Pergamon Press, New York, 

1962, pp. 123-130. 

A SEQUENCE-APPROACH TO UNIFORM CONTINUITY 
JOHN H. STAIB, Drexel Institute of Technology 

In recent years there has been a renewed interest in using sequence methods 
in the teaching of elementary calculus. Many proofs are, in this writer's opin- 
ion, made both more rigorous and more readable by such methods. In this note 
we shall consider an application of uniform continuity from the sequence point 
of view. (The proofs that follow will be presented here in the same amount of 
detail that I would use in the classroom. We take our functions to be real valued 
and our space to be Euclidean.) 

DEFINITION 1. Let {Pn } and {Qn } be two point sequences that are related in 
the following manner: { fP- } --0. Then we shall say that they are parallel 
sequences. 

THEOREM 1. Let f(P) be continuous in a closed, bounded set S. If {P" } and 
Qn } are any two parallel sequences in S, then {f (Pn) -f(Qn) } -*0. 
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Proof. (By contradiction.) Let us assume that {f(Pn) -f(Qn) } -i-*0. This 
means that there is an e>0 such that If(Pn) -f(Qn) f > e for infinitely many n. 
Thus there exist subsequences {P ' } and { Qn, } such that ff(P ') -f(Q' ) I > E 
for all n. 

Now, since S is a bounded set, the sequence {Pn' } is bounded. Thus, by the 
Bolzano-Weierstrass Theorem, it has a convergent subsequence, say { P* }. Let 
P* } --a. Because S is closed, we are assured that a G S. Because f is continu- 

ous in S, we are assured that {f(P*) -*f(a). But also, because { Q,* I is parallel 
to { P* }, we have { Qn } ->a. It follows that {f(Q*) } f(a) and, consequently, 
that {f(P*) - f(Qn*)} O- 0. But our opening assumption implies that 
If (P*)-f(Qn) I > e for all n. 

THEOREM 2. If f is continuous in the rectangle { (x, y): a _ x _ b, c < y < d } and 
g is defined in [a, b] by the formtula 

d 

g(X) f(x t)dt, 

then g is continuous in [a, b]. 

Proof. Let a E [a, b] and suppose that { Xn } is any a-approaching sequence 
in the domain of g. We wish to show that { g(x.) } -*g(a). First, we write 

rd ed 

g(xn) f(xn 1 t)dt = J [f(xx, t) -f(a, t) + f(a, t) ]dt 

d j [f(x, t) -f(a t)]dt + g(a) =Rn + g(a). 

Thus, our original problem may be replaced by an equivalent one: we wish now 
to show that { Rn } ->O. 

We next observe that for each n the expression f(xn, t) -f(a, t) defines a 
continuous function of t, say hn(t). Thus, the mean value theorem for integrals 
allows us to write 

rd 

Rn = J hn(t)dt = (d - C)hn(tn) = (d - c)[f(xn, tn) --f(a, tn)] 

where tn is between c and d. Now the sequences { (xn, tn)} and { (a, tn) } are 
not, in general, convergent; however, they are parallel sequences lying in a 
closed rectangle. Thus, by Theorem 1, we are assured that {f(xn tn) -f(a, tn) } 
--0. It follows that { Rn } - >*0 

Theorem 2 is usually proved by appealing to the uniform continuity of f in 
the given rectangle; here we have used instead a certain property of continuous 
functions with respect to parallel sequences. The notions are, as one might 
anticipate, equivalent. More precisely, we have the following sequence-defini- 
tion for uniform continuity. 
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DEFINITION 2. If for every pair of parallel point sequences { Pn } and { Qn 
taken from a set S we have {f(P,) -f(Qn) } ->O, then f is said to be uniformly con- 
tinuous in S. 

THEOREM 3. (Justification for Definition 2.) If for every E>0 there is a 5 >0 
such that f (P) -f (Q) J < e whenever P and Q are chosen from S in such a manner 
that |P - Q < , then f is uniformly continuous in S, and conversely. 

Proof. (1) Let E> 0 be given and let a be as described in the hypothesis. 
Now choose { Pn } and { Q1, } as any pair of parallel sequences in S. It follows 
that there is a number N such that 

IPn-Qn I < a for n > N. 
But then, by our characterization of 5, 

I f(Pn) - f(Qn) I < ez for n > N. 
Thus, {f (Pn) -f (Qn) } ->0O and, consequently, f is uniformly continuous in S. 

(2) (By contradiction.) Let f be uniformly continuous in S but suppose 
that there is a troublesome e for which no 8 can be prescribed. Then, given a 
positive sequence { An } that converges to 0, we can construct two sequences of 
points in the following manner: For each An we choose points Pn and Qn such 
that 

(a) |Pn -Qn I < An and (b) If(Pn) -f(Qn) I > r. 

By (a) we are assured that { Pn } and { Qn} are parallel sequences. By (b) we 
are assured that {f (Pn) -f(Qn) } -+-0. But this denies our assumption of uniform 
continuity! 

We close with two examples showing how this sequence-definition of uni- 
form continuity "works. " 

Example 1. To show that f(x) = 1/(x2 + 1) is uniformly continuous in 
(- oo, oo), we must show that {f(xn) -f(yn) } --O, where { xn } and { y. } are an 
arbitrary pair of parallel sequences. First, we note that 

f(n) f(Yn) ( + 1)(y+1) -n 

Now suppose that ? Xn < 1 (for a particular n). Then 

I XnI < Xn ? 

rn (1)(1) 
And if I Xn I > 1, then 

lXn < IxXn - 1 

< ~<1 rn (X2)l lXnl 

Thus for all xn (and yn) we have I xn I/rn- 1. Similarly, y,n /rn_? 1. It follows 
that 
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I f(xn) -f(yn) I - 21 xn - y. I for all n. 

But then, since { xn -yn } -->0, we may conclude that {f(xn) -f(yn) }I O. 

Example 2. To show that f(x, y) = (x2y)/(I +y4) is not uniformly continuous 
over the whole plane, take 

Pn=(n, 1) and Qn=(n + l/n, 1). 

Then { I Pn-Qn| } ->, but 

{ f (Pn) -f(Qn)} = { ( 1/2)[n2 - (n + j/n)2]} - n-1-1/(2n2)} O-0. 

A NOTE ON STEINER'S PROBLEM 

P. N. BAJAJ, Case Western Reserve University 

Let P be any point in the plane of an acute-angled triangle ABC. Steiner 
[1] proved, geometrically, that PA+PB+PC is a minimum when each side 
of the triangle subtends an angle of (27r)/3 at P. S. M. Shah [2] derived an 
expression for the minimum distance in terms of the sides. S. Venkatramaiah 
[3] derived the same expression differently. 

The purpose of the present note is to obtain Steiner's result using calculus 
methods. 

Take (xi, yj), i = 1, 2, 3 for vertices of the triangle and P: (x, y); then the 
problem reduces to a discussion of f(X, y) = ZV(X-X)2+ (y -yi)2 for minima. 
Suppose AP, BP, CP make angles 01,02, 03 with the x axis. 

(af)/(ax) =x0= (af)/(ay) gives 

(x - Xi) ( i (x-x~~) = 0 and 7<~y) 0 
-(X X)2 + (y -y) 2 (X-Xi) 2 + (y - y,) 2 

or Cos 01+Cos 02+COS 03=0 and Sin 01+Sin 62+Sin 03=0. This implies that 

(Cos 01 + Cos 02)2 + (Sin 01 + Sin 02)2 = 1, 

Cos (01 -02) = - 1/2, andoi - 021= 2ir/3. 

Similarly, 102 03 |= 2/3 and 103 -011= 2|r/3. The point obtained is one of minima 
as f(x, y) can be made indefinitely large by taking (x, y) far enough from the 
triangle ABC. 

References 
1. R. Courant and H. Robbins, What is Mathematics?, Oxford University Press, New York 

1941. 
2. S. M. Shah, A Note on Steiner's Problem, Math. Student, 29 (1961). 
3. S. Venkatramaiah, A remark on a note of S. M. Shah, this MAGAZINE, 39 (1966) 225. 
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A SIMPLE PROOF OF AARON'S CONJECTURE ON THE FAREY SERIES 

HWA S. HAHN, Pennsylvania State University 

The Farey series F. of order n is the ascending sequence of irreducible frac- 
tions between 0 and 1 whose denominators do not exceed n. Thus y/x belongs to 
F. if O_y_x<n, (y, x) =1. For example, F6 is 0/1, 1/5, 1/4, 1/3, 2/5, 1/2, 3/5, 
2/3, 3/4, 4/5, 1/1. 

1. Blake [I] proved the following: 

Aaron's Conjecture. The sum of the numerators of the fractions of a Farey 
series Fn is equal to one half the sum of the denominators of these fractions. 

This note is to give a shorter proof. If yi/x, 1_<i <k, are the fractions in Fn 
with a fixed denominator x, the conjecture is even true for these fractions; 
namely, we shall show that 

k 1 k 

E Yi- x x= kx/2 
i=l 2 i= 

and the conjecture follows immediately from this. For x = 1 or 2 this is clear. For 
x> 2, if y/x belongs to Fn so does (x-y)/x since (y, x) = 1 implies (x-y, x) = 1. 
And also x -y y for otherwise y/x = 1/2 and then x = 2. Thus by pairing off all 
yi in Iyi so that yi+ (x -ye) = x we obtain the above equality. 

2. We make the following geometric observation of F,. Consider distinct 
lines of the type y ax which pass through points (x, y) with integral coordi- 
nates, called lattice points, satisfying 0 < y ? x ? n. Then the sequence of slopes of 
these lines in ascending order is exactly F,,. From this observation Blake's second 
theorem follows. 

THEOREM. In F. the denominator of the immediate predecessor and immediate 
successor of 1/2 is equal to the greatest odd integer ? n. 

If n-1_2m+1<n, it is easy to see that both m/(2m+1) and (m+1) 
/(2m+1) are Farey fractions. It is now sufficient to show that inside the triangle 
bounded by y=mx/(2m+1), y= (m+1)x/(2m+1) and x=n there is no lattice 
point except on y = x/2. But this is clear because the vertical distance from any 
lattice point, not on y =x/2, to y =x/2 is at least ' and the two points (2m+1, m) 
and (2m+ 1, m+ 1) are the only points in the triangle, including the boundary, 
which have the vertical distance '. 

Reference 
1. J. A. Blake, Some characteristic properties of the Farey series, Amer. Math. Monthly, 73 

(1966) 50-52. 
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BOOK REVIEWS 

EDITED BY DMITRI THORO, San Jose State College 

Materials intended for review should be sent to: Dmitri Thoro, Department of Mathematics, 
San Jose State College, San Jose, California 95114 

Algebra Through Problem Solving. By Abraham P. Hillman and Gerald L. Alex- 
anderson. Series-Topics in Contemporary Mathematics. Allyn and Bacon, 
Boston, 1966. $2.95 (paper). 
This little volume is a neat collection of problems divided into ten chapters. 

Each chapter contains a brief introduction to the theme of the problems in that 
chapter. A look at the chapter headings reveals: 1. The Pascal Triangle; 2. The 
Fibonacci and Lucas Numbers; 3. Factorials; 4. Arithmetic and Geometric 
Progressions; 5. Mathematical Induction; 6. The Binomial Theorem; 7. Com- 
binations and Permutations; 8. Polynomial Equations; 9. Determinants; 10. In- 
equalities. 

Just what makes this book outstanding among all such books on an equal 
footing which the reviewer has seen? First, this book " . . . is an outgrowth of 
the authors' work in conducting problem solving seminars for undergraduates 
and high school teachers, . " among other things, to quote from the authors' 
preface. Second, (again quoting them) "Knowledge of mathematics together 
with the ability to apply this knowledge to nonroutine problems will be very 
valuable in the more and more automated world we face. Routine problems will 
tend to be solved mechanically, while new and challenging problems arise at a 
rapid rate for human minds to solve." Perhaps mnany problem books owe their 
presence in the printed world to such statements. And, if so, then indeed they 
are worthwhile. This is true of the present problem book. Certainly the authors' 
quoted statements are borne out throughout their book, and many of the prob- 
lems are definitely nonroutine, but only so with forceful, careful anticipation of 
them. 

Problems in each chapter fall nicely into patterns of increasing generality 
which gives the problem solver patterns of inference (we were about to say, 
"patterns of plausible inference.") This forceful and careful arranging of the 
problems is the main merit of the book. These outstanding features of the book 
work in harmony. Being able to solve nonroutine problems in algebra gives 
mathematical knowledge (among other things). And being forcefully and care- 
fully led up to nonroutine problems may well bring out this ability. 

R. M. VOGT, San Jose State College 

Excursions in Number Theory. By C. Stanley Ogilvy and John T. Anderson. 
Oxford University Press, New York, 1966. 168 pp. $5.00. 
Here is a captivating book, masterfully written to excite those with a liking 

for numbers and to intrigue those with an inquisitive mind. The authors have 
used impeccable taste in selecting and presenting their topics. The book, written 
on the popular level, contains simple and elegant expositions of important 
proofs as well as material unique among popular books on number theory. 
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quoted statements are borne out throughout their book, and many of the prob- 
lems are definitely nonroutine, but only so with forceful, careful anticipation of 
them. 

Problems in each chapter fall nicely into patterns of increasing generality 
which gives the problem solver patterns of inference (we were about to say, 
"patterns of plausible inference.") This forceful and careful arranging of the 
problems is the main merit of the book. These outstanding features of the book 
work in harmony. Being able to solve nonroutine problems in algebra gives 
mathematical knowledge (among other things). And being forcefully and care- 
fully led up to nonroutine problems may well bring out this ability. 

R. M. VOGT, San Jose State College 

Excursions in Number Theory. By C. Stanley Ogilvy and John T. Anderson. 
Oxford University Press, New York, 1966. 168 pp. $5.00. 
Here is a captivating book, masterfully written to excite those with a liking 

for numbers and to intrigue those with an inquisitive mind. The authors have 
used impeccable taste in selecting and presenting their topics. The book, written 
on the popular level, contains simple and elegant expositions of important 
proofs as well as material unique among popular books on number theory. 
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While the table of contents lists some expected topics such as prime numbers, 
congruences, irrationals and iterations, Diophantine equations, continued frac- 
tions and Fibonacci numbers, the treatment of these topics is always fresh and 
vibrant, and sometimes novel. For example, that xc3+y3=z3 has no solution in 
positive integers is, of course, well known, but a discussion which uses the graph 
of x3+Y3 = 1 and talks of everywhere dense sets breathes new life into the topic, 
even for a more advanced mathematician. Besides developing formulae for 
Pythagorean triples, the authors show that the inscribed circle of the 3-4-5 
triangle has radius 1 and answer the question, "How many noncollinear points 
in a plane can be spaced at integral distances each from each?" When perfect 
numbers are discussed, the authors give a delightful little proof that all perfect 
numbers, except 6, have a "digital sum" of 1, but 6 is an exception because 2 is 
the only even prime. 

That a question quite easy to ask can in fact lead one far afield in quest of 
an answer is aptly illustrated by the following problem: "What is the probability 
that two numbers selected at random are relatively prime?," which leads to a 
discussion of probabilities, convergence of infinite series, multiplication of in- 
finite products, and the Riemann-Zeta-function. 

As well as a thorough discussion of prime numbers, several unusual ideas 
regarding primes are given, such as that some of the properties of primes may 
be consequences of the sieving process rather than of primality. In fact, some 
of our unsolved mathematical problems may be because we haven't yet asked 
the right questions. 

The spirit of mathematical inquiry as expressed in this book would be 
enough reason to encourage mathematics students to read it. Students and 
teachers alike could benefit from the book as background reading. The book is 
accurate, attractively written, virtually self-contained, and up-to-date. 

MARJORIE R. BICKNELL, A. C. Wilcox High School, Santa Clara, California 

First Concepts of Topology. By W. G. Chinn and N. E. Steenrod. Random 
House, New York 1966. vii+160 pp. $1.95 (paper). 

This remarkable little book should be placed high upon the "must have" 
list of every secondary and college mathematics teacher. The authors have been 
completely successful in introducing the subject of topology in a self-contained, 
elementary, rigorous and readable package. Furthermore, the reader who has 
studied this book will come away with the "correct" idea of what topology and 
topologists are doing. In short, the authors present a topologist's view of to- 
pology. 

The development centers upon two existence theorems which give sufficient 
conditions for the existence of a solution to the equation fx =y when f is a con- 
tinuous map of either (i) a closed interval into RI or (ii) a closed disk into R2. 
All of the topological concepts required in the statement and proof of these re- 
sults, and there are many such concepts, are introduced. As illustrative conse- 
quences there are such corollaries as the Brouwer Fixed Point Theorem, the 
ham sandwich theorem and the fundamental theorem of algebra. 

This content downloaded from 138.73.1.36 on Mon, 21 Dec 2015 20:06:04 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


276 MATHEMATICS MAGAZINE [Nov.-Dec. 

While the table of contents lists some expected topics such as prime numbers, 
congruences, irrationals and iterations, Diophantine equations, continued frac- 
tions and Fibonacci numbers, the treatment of these topics is always fresh and 
vibrant, and sometimes novel. For example, that xc3+y3=z3 has no solution in 
positive integers is, of course, well known, but a discussion which uses the graph 
of x3+Y3 = 1 and talks of everywhere dense sets breathes new life into the topic, 
even for a more advanced mathematician. Besides developing formulae for 
Pythagorean triples, the authors show that the inscribed circle of the 3-4-5 
triangle has radius 1 and answer the question, "How many noncollinear points 
in a plane can be spaced at integral distances each from each?" When perfect 
numbers are discussed, the authors give a delightful little proof that all perfect 
numbers, except 6, have a "digital sum" of 1, but 6 is an exception because 2 is 
the only even prime. 

That a question quite easy to ask can in fact lead one far afield in quest of 
an answer is aptly illustrated by the following problem: "What is the probability 
that two numbers selected at random are relatively prime?," which leads to a 
discussion of probabilities, convergence of infinite series, multiplication of in- 
finite products, and the Riemann-Zeta-function. 

As well as a thorough discussion of prime numbers, several unusual ideas 
regarding primes are given, such as that some of the properties of primes may 
be consequences of the sieving process rather than of primality. In fact, some 
of our unsolved mathematical problems may be because we haven't yet asked 
the right questions. 

The spirit of mathematical inquiry as expressed in this book would be 
enough reason to encourage mathematics students to read it. Students and 
teachers alike could benefit from the book as background reading. The book is 
accurate, attractively written, virtually self-contained, and up-to-date. 

MARJORIE R. BICKNELL, A. C. Wilcox High School, Santa Clara, California 

First Concepts of Topology. By W. G. Chinn and N. E. Steenrod. Random 
House, New York 1966. vii+160 pp. $1.95 (paper). 

This remarkable little book should be placed high upon the "must have" 
list of every secondary and college mathematics teacher. The authors have been 
completely successful in introducing the subject of topology in a self-contained, 
elementary, rigorous and readable package. Furthermore, the reader who has 
studied this book will come away with the "correct" idea of what topology and 
topologists are doing. In short, the authors present a topologist's view of to- 
pology. 

The development centers upon two existence theorems which give sufficient 
conditions for the existence of a solution to the equation fx =y when f is a con- 
tinuous map of either (i) a closed interval into RI or (ii) a closed disk into R2. 
All of the topological concepts required in the statement and proof of these re- 
sults, and there are many such concepts, are introduced. As illustrative conse- 
quences there are such corollaries as the Brouwer Fixed Point Theorem, the 
ham sandwich theorem and the fundamental theorem of algebra. 
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The preceding brief outline does not begin to describe the wealth of detail, 
the motivating discussions, the well-chosen exercises of this book. All in all, 
a better introduction to topology for the layman would be difficult to imagine. 

J. G. HOCKING, Michigan State University 

Calculus Part One. By Morris Kline. Wiley, New York, 1967. xiii+574 pp. $9.95. 
It is refreshing to find that books are still being written on elementary cal- 

culus in which the subject is approached from an intuitive and heuristic stand- 
point rather than attempting to inculcate in the beginning student the deadly 
rigorous viewpoint of the sophisticated mathematician. 

Applications are introduced almost from the beginning. These add interest to 
the subject for the student. It is not until the seventh chapter that the chain 
rule is discussed and proven. A fairly complete treatment of translation and 
rotation of axes including fundamental invariants is given. The inverse trigo- 
nometric functions are handled more fully than is customary. Definite integrals 
are postponed to Chapter 14. The approach is slow with many geometric illus- 
trations and heuristic arguments. 

It does seem misleading to use degree measure on graphs of trigonometric func- 
tions. On the top of page 235 the identity should read sin x/2 = + /(1 -cos x/2), 
since the negative sign must be used if x/2 is an angle in the third or fourth 
quadrants. 

R. W. COWAN, Lamar State College of Technology 

Calculus Part Two. By Morris Kline. Wiley, New York, 1967. xiii+415 pp. 
$8.75. 
The second part of Kline's Calculus is similar to the first part. A number of 

applications are found including motion of a projectile, velocity and accelera- 
tion in curvilinear motion, and Kepler's laws. The approach to infinite series 
is very gradual beginning with a polynomial approximation to functions and 
Taylor's Formula with a remainder. An introduction to solid analytic geometry 
precedes partial differentiation and multiple integration. This book concludes 
with two chapters devoted to a reconsideration of the foundations of the subject. 
This treatment is not postulational but it does provide a more complete insight 
into the concept of a function, limit of a function and of a sequence, and the 
definite integral. Some of this material could be inserted early in the course or 
be deferred until much later depending on the class and the inclination of the 
instructor. 

For the purpose for which they were designed these calculus books by 
Morris Kline would be splendid texts for a beginning student who needs a book 
that is readable, interesting, and not too demanding in mathematical rigor. 

R. W. COWAN, Lamar State College of Technology 
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PROBLEMS AND SOLUTIONS 

EDITED BY ROBERT E. HORTON, Los Angeles City College 
Readers of this department are invited to submit for solution problems believed to be new 

that may arise in study, in research, or in extra-academic situations. Proposals should be 
accompanied by solutions, when available, and by any information that will assist the editor. 
Ordinarily, problems in well-known textbooks should not be submitted. 

Solutions should be submitted on separate, signed sheets. Figures should be drawn in 
india ink and exactly the size desired for reproduction. 

Send all communications for this department to Robert E. Horton, Los Angeles City 
College, 855 North Vermont Avenue, Los Angeles, California 90029. 

To be considered for publication, solutions should be mailed before February 1, 1968. 

PROBLEMS 

669. Proposed by Robert P. Baker, Newark, New Jersey. 

Why is the figure below impossible? 

y 

y = ax.2+bx + c 
(a, b 5 0) 

P,x 

\ /= ~~~~~~2az + b 

670. Proposed by Maxey Brooke, Sweeny, Texas. 

Find the unique solution: 
. . . nothing you dismay! 

ME R R Y 

X M A S 

F R-O M 

MAX E Y 
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671. Proposed by A. Wilansky, Lehigh University. 

Let t1, t2, , t, be real numbers with t1+t2+ +t,=O and let {xn} be 
a bounded sequence of real numbers. Show that if the lirnnoo(t1xnlr+1+t2xnfr+2 
+ * * * +trx,) exists, it must be zero. 

672. Proposed by R. S. Luthar, Colby College, Maine. 

Prove the theorem: A sufficient condition that the equation x2-dy2= -I be 
soluble in integers is that d be of the form I+n2 or 5 +4n(n+I) where n is any 
integer. 

673. Proposed by Erwin Just, Bronx Community College. 

If n is an integer such that 

[0 k + 1] [a3 a4] prove that a2 = M[(k + 1)n - kn]. 

674. Proposed by J. A. H. Hunter, Toronto, Canada. 

Max Rumney (London, England) recently conjectured that 611/2 +1 must 
generate at least one prime for all values of n. Prove or disprove this conjecture. 

675. Proposed by Philip Fung, Cleveland State University, Ohio. 

It is well known that in an obtuse triangle, the minimum number of lines 
necessary for partitioning into acute triangles is seven. Show a constructional 
method for such a partition. 

676. Proposed by William Squire, West Virginia University. 

Evaluate Ek A3 where Ak is the factorial quotient 

1.3.5 . . . (2k -1) 

2.4.6 ... 2k 

SOLUTIONS 
Late Solutions 

David C. Hoaglin: 643; Erland M. H. Polden and Malcolm A. Perella, Rutherford College of Technol- 
ogy, Newcastle Upon Tyne, England: 647 (Jointly); Stanley Rabinowitz, Far Rockaway, New York: 
647, 648. 

An Alphametic 

649. [March, 1967] Proposed by Huseyin Demir, Middle East Technical Univer- 
sity, Ankara, Turkey. 

Solve the cryptarithm T H R E E 
+ FO UR 

SE VEN 
in the decimal system such that: 
3 does not divide T H R E E in which the digit 3 is missing; 
4 does not divide F 0 U R in which the digit 4 is missing; 
7 does not divide S E V E N in which the digit 7 is missing. 
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Solution by Harry M. Gehman, SUN Y at Buffalo, New York. 

Let us first solve the cryptarithm, given only that 
(a) the digit 3 is missing from T H R E E; 
(b) the digit 4 is missing from F O U R; 
(c) the digit 7 is missing from S E V E N. 
The problem has seven solutions: 

(1) 16544 (2) 47266 
7805 9102 

24349 56368 

(3) 75244 (4) 79244 
9102 5102 

84346 84346 

(5) 17544 (6) 49266 
6805 7102 

24349 56368 

(7) 24811 
6708 

31519 

The condition (d) that 3 does not divide T H R E E eliminates solutions (5) 
and (6). The condition (e) that 4 does not divide F 0 U R eliminates (7). The 
condition (f) that 7 does not divide S E V E N does not eliminate any solution. 

Therefore the problem as proposed has four solutions: (1)-(4). 
If we ignore conditions (d) (e) (f) but retain conditions (a) (b) (c) with the 

additional condition indicated we have unique solutions as follows: 

(g) T H R E E contains the digit 8. Solution (7). 
(h) S E V E N contains the digit 1. Solution (7). 
(i) F 0 U R contains both the digits 5 and 6. Solution (5). 
(j) T H R E E contains neither 6 nor 7. Solution (7). 
(k) T H R E E contains both 6 and 7. Solution (2). 
(1) T H R E E contains both 1 and 2. Solution (7). 
(m) T H R E E contains neither 5, 6 nor 7. Solution (7). 
(n) T H R E E contains neither 5, 7 nor 9. Solution (7). 

and so on. 
The fact that solution (7) occurs so frequently in this list seems to indicate 

that it has a pattern of digits essentially different from the other six solutions. 
From the standpoint of numerology, this has some deep significance, I am sure. 
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Complete solutions also submitted by John Beidler, Scranton University, Penntsylvania; Pierre 
Bouchard, Universite de Montr6al, Canada; and Charles W. Trigg, San Diego, California. 

Partial solutions by M. J. Adler, Willowdale, Ontario, Canada; Merrill Barnebey, Wisconsin 
State University at LaCrosse; Maxey Brooke, Sweeny, Texas; Sarah Brooks, Utica Free Academy, 
New York; Helen Edens, Richmond, Virginia; Daniel Fettner, City College of New York; Regina R. 
Hoelscher; J. A. H. Hunter, Toronto, Ontario, Canada; Richard A. Jacobson, Houghton College, New 
York; Edgar Karst, University of Arizona; Fred Lambie, Lexington, Massachusetts; Sam Newman, 
Atlantic City, New Jersey; Lawrence V. Novak, University Park, Pennsylvania; Arlene Peterson, 
Immaculata College, Pennsylvania; Marilyn R. Rodeen, Balboa High School, San Francisco, Cali- 
fornia; Michael J. Sheridan, San Diego, California; John H. Tiner, Harrisburg, Arkansas; James H. 
Turner, New Wilmington, Pennsylvania; and the proposer. 

Homothetic Triangles 

650. [March, 1967] Proposed by Charles W. Trigg, San Diego, California. 

At a distance from each side of the triangle ABC equal to the length of that 
side and on the vertex side of that side, a line is drawn parallel to that side. 
These three lines determine a triangle A'B'C' similar to ABC. Show that A'A, 
B'B and C'C are concurrent at a point P whose distances from the sides of ABC 
are proportional to the sides. 

Solution by Gregory Wulczyn, Bucknell University, Pennsylvania. 

Since triangles ABC and A'B'C' are by the hypothesis perspective from the 
line at infinity, they are by the converse of Desargues' Theorem perspective 
from a point P. That is AA', BB' and CC' are concurrent at P. 

As the axis of perspectivity is the line at infinity, the perspectivity is an 
homothecy (similarity transformation) with homothetic center at P. 

Let PBC be the distance from P to BC, etc., then 

k = PB'C'/PBC = PC'A'/PCA = PA'B'/PAB 

= (PB'C' + PBC)/PBC = (PC'A' + PCA)/PCA 

= (PA'B' + PAB)/PAB. 

Thus we have k = a/PBC = b/PCA = C/PAB or PBC: PCA: PAB = a: b: c. 

Also solved by Pierre Bouchard, Universite de Montreal, Canada; Huseyin Demir, Middle East 
Technical University, Ankara, Turkey; Michael Goldberg, Washington, D.C.; Lew Kowarski, Morgan 
State College, Maryland; Stanley Rabinowitz, Far Rockaway, New York; and the proposer. 

Demir and Trigg pointed out that P is the Lemoine point of the triangles, 
and the concurrency of the symmedians of a triangle has been shown in a 
manner different from the usual one. 

Probability of Real Roots 
651. [March, 1967] Proposed by Frank Dapkus, Seton Hall University. 

Let x2+bx+c= O have roots xo such that jxo I ?a. What is the probability 
that xo is real? 

Solution by Michael Goldberg, Washington, D.C. 

It is assumed that all pairs of real values b, c are equally probable. Then, each 
equation is represented by a point in the b, c plane. Since xo = (-b + /b2 - 4c)/2, 
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the real roots exist only for the region in which b2 > 4c, while the imaginary roots 
exist only in the region for which b2<4c. These regions are separated by the 
parabola whose equation is b2=4c. 

The region in which Ixo I =a is a closed region containing the origin. The top 
of this region is the horizontal straight line c =a2 in the imaginary region since 
then, xo=(-b+iN/4c-b2)/2, and IxO| = {b2 + (4c -b2) }/4=c=a 2. Hence 

I xo I =a. The line meets the parabola at the points b = + V/4a2 = + 2a. The slope 
of the tangent at b = 2a is b/2 = a. The equation of the tangent line is b = 2a 
- (a2-c)/a ora2-ab+c =0. Hence, a = (b ? V.b2-4c)/2 and I xol =a. Hence, this 
tangent line is also a boundary of the region in which xo I < a. The other tangent 
line symmetric about the c-axis is another boundary. The enclosed area in 
which I xo I <a is a (2a) 2 = 4a3. 

The part of the area within the parabola is 8a3/3. Hence, the real part of the 
area is 4a3/3, and the probability of a real root is 1/3, regardless of the value of a. 

Also solved by Richard A. Jacobson, Houghton College, New York; James R. Kuttler, Vincent G. 
Sigillito, and James T. Stadter, Silver Springs, Maryland (Jointly); Charles VV. Trigg, San Diego, 
California; Stephen Weintraub, Oceanside, New York; Raymond E. Whitney, Lock Haven State Col- 
lege, Pennsylvania; and the proposer. 

Merrill Barnebey, Wisconsin State University at LaCrosse pointed out that the problem was 
discussed at an NSF Summer Institute at Rutgers University where different results were obtained 
depending upon different assumptions regarding the space. 

Pairs of Twin Primes 

652. [March, 1967] Proposed by Merrill Barnebey, Wisconsin State University 
at LaCrosse. 

Prove that the sum of any pair of twin primes greater than seven is divisible 
by twelve. 

I. Solution by Sister Marion Beiter, Rosary Hill College, New York. 

The problem may be generalized: Let p and q be two odd integers such that 
q p + 2 and neither p nor q is divisible by three. Then p, p + 1, q are three con- 
secutive numbers, of which p+1 is divisible by three and is an even number. 
The sum, p+q=2(p+1), is divisible by 3 and by 2.2, hence by twelve. 

II. Comment by Vassili Daiev, Sea Cliff, New York. 
In general, if the integers 2m + 1 and 2m -1 are not divisible by 3 then their 

sum is divisible by 12. These numbers can be: (1) both prime, (2) one prime and 
the other composite, (3) both composite. (Examples: 29 and 31; 47 and 49; 143 
and 145). Such pairs are of the form 6n- 1 and 6n+1. It is evident that there 
are infinitely many pairs of such composite numbers. 

Also solved by Leon Bankoff, Los Angeles, California; Merrill Barnebey, Wisconsin State Uni- 
versity at LaCrosse; Gladwin E. Bartel, Whitworth College, Washington; Donald Batman, M.I.T. 
Lincoln Laboratory; John Beidler, Scranton University, Pennsylvania; Murray Berg, San Francisco, 
California; Pierre Bouchard, Universitg de Montreal, Canada; Mary Beth Bridgham, Northwestern 
University; Maxey Brooke, Sweeny, Texas; Mannis Charosh, Brooklyn, New York; Mickey Dargitz, 
Ferris State College, Michigan; James A. Darragh, California State College at Long Beach; Phillip F. 
Dean, Suitland, Maryland; Huseyin Demir, Middle East Technical University, Ankara, Turkey; 
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Monte Dernham, San Francisco, California; Mary Ellien, Pratt Institute, New York; William F. 
Feeney, University of Pittsburgh; David Fettner, City College of New York; Frank Fishell, Montcalm 
Community College, Michigan; John Flavin; Larry Forman, Brown University; Philip Fung, 
Cleveland State University, Ohio; Stephen M. Gagola, Jr., Buffalo, New York; Harry M. Gehman, 
SUNY at Buffalo, New York; Reinaldo Giudici, University of Pittsburgh; Anton Glaser, Pennsylvania 
State University, Abington, Pennsylvania; Michael Goldberg, Washington, D.C.; Sandra A. Gossum, 
University of Tennessee; Robert E. Harper, Eastern Kentucky University; Ned Harrell, Los Altos, 
California; Harry W. Hickey; John E. Homer, Jr., Lisle, Illinois; J. A. H. Hunter, Toronto, Ontario, 
Canada; Richard A. Jacobson, Houghton College, New York; Douglas H. Johnson, University of 
Wisconsin; Allan W. Johnson, Jr., Towson, Maryland; Erwin Just, Bronx Community College, New 
York; Edgar Karst, University of Arizona; Lew Kowarski, Morgan State College, Maryland; Sidney 
Kravitz, Dover, New Jersey; James R. Kuttler, Vincent M. Sigillito and James T. Stadter, Silver 
Springs, Maryland (Jointly); J. F. Leetch, Bowling Green State University, Ohio; Herbert R. Leifer, 
Pittsburgh, Pennsylvania; Douglas Lind, University of Virginia; Michael J. Martino, Temple Uni- 
versity, Pennsylvania; Sam Newman, Atlantic City, New Jersey; H. Panish, Northrop Nortronics 
Company, California; Bud Pass, Georgia Institute of Technology; Donna E. Pitz, Northern Illinois 
University; Bob Prielipp, University of Wisconsin; Stanley Rabinowitz, Far Rockaway, New York; 
Kenneth A. Ribet, Brown University; Marilyn R. Rodeen, Balboa High School, San Francisco, Cali- 
fornia; Stephen Spindler, Purdue University; Daniel R. Stark, Cleveland State University, Ohio; 
E. P. Starke, Plainfield, New Jersey; John H. Tiner, Harrisburg, Arkansas; James Turner, New 
Wilmington, Pennsylvania; Zalman Usiskin, University of Michigan; John Wessner, Melbourne 
High School, Florida; Mrs. Raymond E. Whitney, Lock Haven State College, Pennsylvania; Gregory 
Wulczyn, Bucknell University, Pennsylvania; Charles Ziegenfus, Madison College, Virginia; and the 
proposer. One unsigned solution was received. 

Exponential Derivative 

653. [March, 1967] Proposed by by Sam Newman, Atlantic City, New Jersey. 

What is dy/dx of 

n 
x 

x 
y=x ? 

I. Solution by John Beidler, Scranton University, Pennsylvania. 

For any nonnegative integer n, denote y by 

y - f(x, n) 

where f(x, 0) = x. Also denote (dy/dx) by f'(x, n). A formula for the production 
of (dy/dx) may be produced by taking, for n > 0, the identity 

ln [f(x, n) ]-f(x, n - 1) In x 

and differentiating both sides with respect to x; then solving for f'(x, n) yields 
the formula 

f'(x, n) = f(x, n)[x-'f(x, n - 1) + f'(x, n - 1) In x]. 

This along with the fact that f'(x, 0) = 1 will generate the desired result for any 
positive integral value of n. 
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If n=1 -= x[1 + ln x] 
dx 

n2 dy 1+1 1 n = 2 xy x=2 +lIn x+ (In x)] 
dx x 

x 

-dy ~ xx F1z/I1xnx 2 3 n = 3 dy 5Z ZZ +x -n+ (Inx)2 + (lnx) ] 
dx Ix x 

etc. 

II. Solution by Stanley Rabinowitz, Far Rockaway, New York. 

Let f, denote the function xX-- (where there are nx's). (df/dx) ==-fjfni_/jx 
+fn(lIn x)dfn_1/ddx. Using this formula, one easily finds that 

dfn d_n_2 

-= fnfn/1X + fnfnJf2(In X)/IX +fnfn_l(ln x)2 y 
. 

dx dx 

Continuing to substitute, one gets by induction 

df5 I- -F(ln x) 1 1 i'1 [ k- - 
dfn-k = [(l Hf1iJ + Hfn-sI (In X)k 

dx j=1 L x i01 L - =o k dx 

When k=n-1, we have 

dfn n-1 -(In x)-1 i llfn- 
dx z7 [(In Vfnij + (Inx)n1If-i dx ?=1 - x i=o i=O 

III. Solution by Huseyin Demir, Middle East Technical University, Ankara, 
Turkey. 

The given function may be defined by the recurrence relation yn=XZI-l, 
Y = xx, yo = x, y-, = 1. Taking logarithms and differentiating we obtain 

yn yn-1 Yn-1 

(yn-1lnx) + 
yn yn-1 x 

Writing the last equality from n =1 up to n = n and multiplying each relating 
by a suitable factor and adding them up we get 

71 

Yy ... yn-k-l(ln x)k/x 
k-O 

Also solved by Pierre Bouchard, Universitg de Montr&al, Canada; Nicholas C. Bystrom, St. Paul, 
3Minnesota; Richard W. Feldman, Lycoming College, Pennsylvania; David Fettner, City College of 
New York; Reinaldo E. Giudici, University of Pittsburgh; Michael Goldberg, Washington, D.C.; 
Sandra A. Gossum, University of Tennessee; J. M. Howell, Los Angeles City College; Richard A. 
Jacobson, Houghton College, New York; Lew Kowarski, Morgan State College, Maryland; Fred 
Lambie, Lexington, Massachusetts; Douglas Lind, University of Virginia; Edwin A. Power, Uni- 
versity College, London, England; and the proposer. A number of incorrect or undecipherable solu- 
tions were received. 
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Ten Kids' Fortunes 

654. [March, 1967] Proposed by Sidney Kravitz, Dover, New Jersey. 

Ten kids own a total of 2,879 pennies. The ratio of every kid's fortune to the 
fortune of each kid poorer than himself is an integer. If no two kids own the 
same amount, find the fortune of each kid. 

I. Solution by Philip Fung, Cleveland State University, Ohio. 

Let xocJijI nj such that xi- <xi, xi divides xi for all j <i and 
-. xi = 2879. Since 2879 is a prime it follows that ni= 1 and nj 32 for j> 1. 
Define S(j) = 1 +lH=o nkl j.>2. Clearly S(j)-1==njS(j-1), whence 

we obtain ni=2 for i=2, 3, 4, 5, 6, 9, 10 and n7=4, n8=3. Thus the distribution 
of pennies becomes: {1, 2, 4, 8, 16, 32, 128, 384, 768, and 1536}. 

II. Solution and comments by Joseph S. Madachy, Kettering, Ohio. 

Let the first kid's fortune be A; the second kid's fortune, AB; the third, ABC; 
the fourth, ABCD; and so on to the tenth fortune, ABCDEFGHIJ. Then 

A + AB + ABC + ABCD + ABCDE + ABCDEF + ABCDEFG 

+ ABCDEFGH + ABCDEFGHI + ABCDEFGHJIJ -2879 

or A(1 + B + BC + BCD + * * + BCDEFGHIJ) = 2879. 

Since 2879 is prime it has only two factors 1 and 2879, so A -1 and 

B(1 + C + CD + CDE + * * + CDEFGHIJ) = 2878 = (2)(1439). 

1439 is also prime, and so B = 2. (Since no kids own the same amount, no other 
fortune can be in the ratio of 1 to any other, except A.) This leads to 

C(1 + D + DE + DEF + . - + DEFGHIJ) = 1438 = (2)(719) 

719 is prime and so C= 2. Similarly, D = 2, E-2, and F-2. Eventually we reach 

G(1 + H + HI + HIJ) = 88 = (2)(44) = (4)(22) = (8)(11). 

If G=2, 8, 11, 22, or 44 we would reach the conclusion that either H or I or J 
equal 1, which would contradict the condition of uniqueness of fortunes. How- 
ever, if G = 4, then 

H(1 + I + IJ) = 21 - (3)(7). 

If H= 7, then either I or J equal 1-a contradiction to conditions. Therefore, 
H=3, yielding 1= 2 and J= 2. 

The ten kids have, respectively, the following number of pennies: 

1, 2, 4, 8, 16, 32, 128, 384, 768, and 1536 

making a total of 2879 pennies. 
The past history of this problem (see the entry for 7 kids in the table below) 

suggested the testing of the number of possible solutions for n kids (n from 1 
to ?). The solutions found are given in the table below: (A completely general 
solution would use m pennies-I leave that work to someone else!) 
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Number Solutions (Pennies for each kid) 
of kids 

1 2879 
2 1, 2878 
3 1, 2, 2876 
4 1, 2, 4, 2872 
5 1, 2, 4, 8, 2864 
6 1, 2, 4, 8, 16, 2848 
7* 1, 2, 4, 8, 16, 32, 2816 
8 1, 2, 4, 8, 16, 32, 64, 2752 

1, 2, 4, 8, 16, 32, 128, 2688 
1, 2, 4, 8, 16, 32, 256, 2560 
1, 2, 4, 8, 16, 32, 352, 2464 
1, 2, 4, 8, 16, 32, 704, 2112 

9 1, 2, 4, 8, 16, 32, 128, 384, 2304 
1, 2, 4, 8, 16, 32, 128, 896, 1792 
1, 2, 4, 8, 16, 32, 256, 512, 2048 

10 1, 2, 4, 8, 16, 32, 128, 384, 768, 1536 

No solutions for more then 10 kids. 

* This variation (7 kids) of the problem was proposed by Kravitz in the December, 1962, 
issue (No. 12) of Recreational Mathematics Magazine (Page 20). The 7-kid variation was also re- 
peated in "Mathematics On Vacation" by Joseph S. Madachy (Charles Scribner's, 1966) on Page 
120. 

Also solved by Leon Bankoff, Los Angeles, California; Merrill Barnebey, Wisconsin State Uni- 
versity at LaCrosse; Donald Batman, MIT Lincoln Laboratory; John Beidler, Scranton University; 
Murray Berg, San Francisco, California; C. Berndtson, Kwajalein, Marshal Islands; Arthur Bolder, 
Brooklyn, New York; Pierre Bouchard, Universit6 de Montrzl, Canada; Robert J. Bridgman, Mans- 
field State College, Pennsylvania; Maxey Brooke, Sweeny, Texas; Sarah Brooks, Utica Free Academy, 
New York; Donald R. Chand and Sham S. Kapur, Lockheed Georgia Company (Jointly); Huseyin 
Demir, Middle East Technical University, Ankara, Turkey; David Fettner, City College of New York; 
Harry M. Gehman, SUNY at Buffalo, New York; Michael Goldberg, Washington, D.C.; Robert E. 
Harper, Eastern Kentucky University; J. M. Howell, Los Angeles City College; J. A. H. Hunter, 
Toronto, Ontario, Canada; Richard A. Jacobson, Houghton College, New York; Douglas H. Johnson, 
University of Wisconsin; Allan W. Johnson, Jr., Towson, Maryland; Edgar Karst, University of 
Arizona; Lew Kowarski, Morgan State College, Maryland; Sam Kravitz, East Cleveland, Ohio; James 
R. Kuttler, Vincent M. Sigillito and James T. Stadter, Johns Hopkins University (Jointly); Herbert 
R. Leifer; Douglas Lind, University of Virginia; Michael J. Martino, Temple University; Donald A. 
Myers, University of Wyoming; Sam Newman, Atlantic City, New Jersey; Harry Panish, Northrop 
Nortronics, Anaheim, California; Stanley Rabinowitz, Far Rockaway, New York; Kenneth A. Ribet, 
Brown University; Michael J. Sheridan, San Diego, California; Stephen Spindler, Purdue Univer- 
sity; E. P. Starke, Plainfield, New Jersey; John H. Tiner, Harrisburg, Arkansas; Charles W. Trigg, 
San Diego, California; Zalman Usiskin, Ann Arbor, Michigan; Gregory Wulczyn, Bucknell Univer- 
sity, Pennsylvania; and the proposer. 

Usiskin pointed out that if one kid left his fortune to the others, the given 
conditions can be trivially satisfied by considering the number 2879 in base 2, 
giving each kid one of the powers of 2 in the base 2 expansion. 
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Homothetic Figures 

655. [March, 1967] Proposed by Murray S. Klamkin, Ford Scientific Laboratory, 
Dearborn, Michigan. 

It is easy to show that any two spheres are homothetic, regardless of their 
orientation. Show that this property characterizes spheres; that is, if two 
bounded figures are homothetic, regardless of their orientation, then they both 
must be spheres. 

Solution by Pierre Bouchard, Universite de Montreal, Canada. 

It is easy to show that {x: I xI E (1, 2),x cER 3} and {x: I x IE (3, 6), xER3} 
are not spheres and are homothetic, regardless of their orientation. This negates 
the proposal as stated. However, we can prove that the given figures must have 
a frontier which is the union of a set S of concentric spheres, the cardinality 
of S being the same in each figure. But "seen" from "outside the bounds" they 
look like spheres. We proceed to prove this last fact. 

Let F1 and F2 be the "exterior frontiers" of the given figures in a given posi- 
tion: more precisely Fi = { x: 3y such that I y I = 1 and x = sup z-c,,f } where 
i== 1, 2 and 5z is the ith figure cECR. First remark that for every y on the unit 
sphere there is a corresponding x (because of the "regardless of orientation"; 
otherwise the figures would be unbounded or void). Since 5Y1 and 5Y2 are homo- 
thetic regardless of orientation, so are F1 and F2 (since affine homothety is 
translation or central homothety we may restrict ourselves to central homo- 
thety). 

Let P1, P2 be in F1. Then there is an a in R such that aP1, aP2 are in F2. 
Let r be a rotation such that r(oaPi) is on the line OP2 and r(aP2) is on the line 
OP, (i.e., r is the rotation of ir with respect to the axis passing through 0 and 
2 (P/l Il +P2/l P2l )). Then F1 and r(F2) are homothetic and since sup ZZ E, 

z=cy is unique we must have r (a, P1) =f3P2, r(axP2) =P1. Since r preserves dis- 
tances, 

,Bl= |Ir(aUPI) I / I P21 
I la(Pi)l/P21 

a (l1 P /I P21 

and 

d3= | r(aUP2) Pl/ I 

- I a(P2)1 /I Pl/ 

- a P2 1/ P1l 

Whence I PlI /I P21 = I P21 /I P4I, or I P21 = P4 . That is, F1 is a sphere so is F2 
(homothetic image of a sphere). 

Also solved by Michael Goldberg, Washington, D.C.; J. F. Leetch, Bowling Green University, 
Ohio; and the proposer. 

Klamkin suggested that the counterexample exhibited by Bouchard could 
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be eliminated by adding to the statement of the problem the qualifying state- 
ment, "bounded closed convex figures." Both "also solvers" tacitly made such 
an assumption in their solutions. 

Conument on Problem 636 

636. [November, 1966, and May, 1967] Proposed by Vassili Daiev, Sea Cliff, 
New York. 

The greatest divisors of the form 2k of the numbers of the sequence 2, 4, 6, 8, 
10, 12, 14, - - - are 2, 22, 2, 23, 2, 22, 2, - - - . Find the nth term of this sequence. 

Comment by Kenneth A. Ribet, Brown University. 

The solution by Michael Goldberg lends significance to the number of zeros 
to the right of the last "1" in the binary expansion of a number n. I would like 
to point out that we can attach significance as well to the total number of l's 
appearing in the binary expansion of n. 

Let n be given and suppose that p is a prime number. Then the exponent of 
the highest power of p that divides n! is the sum 

co 

E [n/ps'] 
k=l 

If we write n in base p as ao +alp+ * +axrpk, then the sum becomes 

1 r \ 
n- ak 

p - 1 ~k=O/ 

In particular, if p= 2 and if n is the binary number bob, . . . b8, we see immedi- 
ately that the highest power of two dividing n! is two to the exponent 

n - E 7 

k=o 

In other words, the sum is the difference between n and the exponent of the high- 
est power of two dividing n! 

Example: 12 =(1100)2. Therefore the highest power of two that divides 12! 
is 212-2 = 210. 

Errata 

In A338, September, 1966, Page 226, the last line should read 

00 dx _ 

J v2 X + x>/2 (V/2 + 1) log [1 + 2(1-A/2) /2] 

On Page 168, May, 1967, the last syllable should be "pro" not "pre." 
On Page 170, May, 1967, in Q411, the word "odd" should be inserted after 

" two. " 

This content downloaded from 137.189.170.231 on Sun, 13 Dec 2015 03:14:07 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


1967] PROBLEMS AND SOLUTIONS 289 

In A410, May, 1967, Page 140, the expression for xX7' should read 

X F I Xj x4xp 
j OP 

_i~ j# 

for 1 < i <n i#Sp 

j p 

QUICKIES 
From time to t'ime this departmnent will Publish problems which may be solved by laborious 

methods, but which with the proper insight may be disposed of with dispatch. Readers are urged 
to submit their favorite problems of this type, together with the elegant solution and the source, 
if knowon. 

Q416. Determine the range of the function 1(t) where 

00 dx 

1(t) = ro ( + 1)(XI + 

[Submitted by Murray S. Klamkin] 

Q417. If R is the circumradius and r the inradius of a triangle, show that 
r/R+R/r ?5/2 with equality only when the triangle is equilateral. 

[Submitted by Leon Bankoff] 

Q418. Given two primes separated by 2k - 1 integers with both primes greater 
than 2kb+u1. What is the g.c.d. for the product of all the integers between any 
two such primes? 

[Submitted by Brother Alfred Brousseau] 

Q419. Do there exist bounded sets S, and S2 in En such that for every Euclidean 
motion -y, y(S,) hS2z impliesty(S-)J(S2 is not convex? 

[Submitted by James P. Burling] 

(Answers on page 254) 
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Clearly f is a function of Baire class one, but it is not almost continuous. (See 
Example 3.) 

This example also shows that the pointwise limit of a sequence of almost 
continuous functions is not necessarily almost continuous. 

(G) An almost continuous function on [a, b] need not be bounded. 

Example 5. Let {En} be a sequence of pairwise disjoint sets in [0, 1] such 
that each En is dense everywhere in [0, 1] and UEn = [0, 1]. It is not hard to 
construct such sets. Define f(x) = n if x eEE where n = 1, 2, * . . . Then f is 
almost continuous but unbounded. 

The author is thankful to Professor W. Orlicz for this example. 
This research was supported by the National Research Council of Canada and a McMaster 

University research grant. 
Added in proof: Theorem 1 appeared recently in the Canad. Bull. of Math. 

References 

1. E. W. Hobson, The Theory of Functions of a Real Variable, vol. 1, Dover, New York, 1957. 
2. T. Husain, Almost continuous mappings, Prace Mat., Series 1, 10 (1965) 1-7. 
3. , B (T)-spaces and the closed graph theorem, Math. Ann., 153 (1954) 293-298. 
4. W. Rudin, Principles of Mathematical Analysis, McGraw-Hill, New York, 1953. 

Answers 

A416. 

r( l =f (+dx r dy 

Jo (X2 + 1)(XI + 1) + J1 (y2 + l)(yt + 1) 

In the second integral let y = 1/x. We then obtain 

r1 dx 
I (t) dx - ir/4. 

x2+1 

Thus the range of I(t) = 0. This integral appears in Induction and Analogy in 
Mathematics, by G. Polya. 

A417. The relation can be verified by substituting 2r+x for R. When the tri- 
angle is equilateral, x =0 and R = 2r. 

A418. Including the two primes there are 2k+1 consecutive integers which 
have a g.c.d. of (2k+ 1)! Since the primes do not enter into this g.c.d., it must be 
the g.c.d. for the numbers between the primes. 

A419. Put Si= {(P1, P2, Pn) O <Pi < 1, Pi rational }, and 

S2 ={(XI, x2 . ., xn) 1 2 < x < 3, 0 < xl < 1 for i > 1}. 

These sets exhibit the characteristic indicated in the question. 

(Quickies on page 289) 
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 JUST OFF THE PRESS FROM McGRAW-HILL i

 MATHEMATICAL QUICKIES4
 By CHARLES W. TRIGG

 These challenging problems will en- And each invites the reader to devise a
 gross the mathematics enthusiast of any solution more elegant than that pro-
 age or level of sophistication. The prob- vided in the quick, complete set of solu-
 lems vary widely in degrees of diffi- tions provided in the book. They will
 culty, each illustrating a different enhance the repertoire of any problem
 mathematical principal for its solution. buff. 232 pp., $7.95.

 At Your Bookstore or Direct from Publisher for

 r------- 10 DAYS FREE EXAMINATION --------l
 McGRAW-HILL BOOK CO., Dept. 23-MA-117
 330 West 42nd Street, New York, N.Y. 10036
 Send me Trigg's MATHEMATICAL QUICKIES for 10 days on approval. In 10 days I will remit $7.95 plus a
 few cents for delivery costs and local tax, if any, or return book postpaid.

 NAME (print) ADDRESS

 CITY STATE ZIP CODE

 For prices and terms outside U.S. write McGraw-Hill Int'l., N.Y.C. 23-MA-117

 GUIDEBOOK
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 DEPARTMENTS IN THE MATHEMATICAL SCIENCES

 IN THE

 UNITED STATES AND CANADA

 ... intended to provide in summary form information about the location, size,
 staff, library facilities, course offerings, and special features of both undergrad-

 uate and graduate departments in the Mathematical Sciences . . .

 Second edition 1966 . . . 80 pages . . . About 1200 entries.

 Price: Fifty Cents
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 Mathematical Association of America

 SUNY at Buffalo (University of Buffalo)
 Buffalo, New York 14214
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 New from Macmillan in 1968

 CONTEMPORARY COLLEGE ALGEBRA AND TRIGONOMETRY

 By William A. Gager, University of Florida

 Written in modern mathematical language, this book is designed to encourage,
 motivate, and guide students toward a clear understanding of the fundamentals
 of algebra and trigonometry. After the basic ideas of set theory and the real
 number system have been developed, the dominant feature is the concept of
 function and relation. The book concludes with a modern introduction to
 probability. A detailed, illustrated solutions manual is available.

 1968, approx. 416 pages, prob. $7.95

 ARITHMETIC: Concepts and Skills
 By Murray Gechtman and James Hardesty, both of Los Angeles Pierce College

 This text for remedial arithmetic courses offers clear explanations of basic con-
 cepts, accompanied by over 2500 effective drill exercises. The system of whole
 numbers is first presented through the primitive notion of sets. The text then
 considers integers, rational numbers, and real numbers. Exercises include
 problems in percentage, ratio, proportion, area, volume, and computation in
 place value systems with bases other than ten. A second color graphically em-
 phasizes important concepts. Answers to odd-numbered problems are included
 in the text; a Solutions Manual, available gratis, provides answers to even-
 numbered problems.

 1968, approx. 272 pages, prob. $5.95

 ELEMENTARY LINEAR ALGEBRA

 By Marvin Marcus and Henryk Minc, both of the University of California, Santa Barbara

 Providing an excellent introduction for sophomore students, this text covers
 vector spaces, matrices, determinants, characteristic roots, and quadratic
 functions. It is suitable for a one-semester or two-quarter course, or, by using
 only the first three chapters, a one-quarter course. Relatively few concepts are
 introduced and these are discussed at several levels of abstraction.

 1968, approx. 256 pages, prob. $7.95

 INTRODUCTION TO STATISTICS

 By Ronald E. Walpole, Roanoke College

 For students majoring in any academic discipline, this text draws its numerous
 illustrative examples and exercises from many fields of application. Requiring
 only high school algebra, the text is modern in approach and includes discussions
 of decision theory and Bayesian statistics. It is based on the premise that statis-
 tics can best be taught by first introducing the fundamental concepts of the
 theory of probability based on set theory.

 1968, approx. 304 pages, prob. $7.95

 Write to the Faculty Service Desk for examination copies.

 THE MACMILLAN COMPANY, 866 Third Avenue, New York, New York 10022
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 do

 your
 students or

 really

 perceive:
 numbers?

 Beginning with simple examples related to man's physi-
 cal world, Spooner and Mentzer transport the student
 to the further abstractions of man's conceptual world
 of numbers.

 available in January

 INTRODUCTION TO
 NUMBER SYSTEMS
 George A. Spooner and Richard L. Mentzer, both of
 Central Connecticut State College

 Starting with sets and set operations, this book demonstrates
 how the cardinal numbers emerge as a basic characteristic of
 sets. Using this concept students observe the interrelationships
 which exist between various kinds of number systems.

 The material in this text satisfies the CUPM Level I recommen-
 dation for Course A. This is accomplished through the treat-
 ment of the natural number systems and the extensions which
 ultimately lead to the real numbers.

 class-tested

 During a two year period of class-testing prior to publication,
 over 2,500 students successfully used this text. (This includes
 both liberal arts and non-mathematics education majors.)

 contents

 Introduction. Sets. Relations, Functions, and Operations. Struc-
 ture and Mathematical Systems. Numeration Systems. The
 Natural Number System. The Integral Number System. The
 Rational Number System. The Real Number System. Answers
 to Exercises. Index. January 1968, 336 pp., $7.95

 PRE-PUBLICATION EXAMINATION COPIES WILL BE AVAIL-
 ABLE ON DECEMBER 15
 for approval copies, write: Box 903

 PRENTICE-HALL, Englewood Cliffs, N.J. 07632
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 New Introductory Texts from Macmillan

 TRIGONOMETRY: An Analytic Approach

 By lrving Drooyan and Walter Hadel, both of Los Angeles Pierce College

 Concepts and notations, as well as a review of the real number system are
 presented in the first chapter of this thoroughly modern text. Each of the
 chapters contains graded exercises designated "A," "B," and "C," to permit
 greater instructional flexibility. A second color is used functionally throughout.
 Available gratis are a Teacher's Supplement and Solutions Manual. Progress
 Tests are available.

 1967, 308 pages, $5.50

 CONTEMPORARY ARITHMETIC

 By Thomas C. Crooks and Hary L Hancock, both of Contra Costa College

 Written for students who are deficient in arithmetic, this new text presents basic
 computational methods, utilizing over 3000 intensive drill problems in exercise
 sets, chapter tests, summary tests and review tests. An explanation of natural
 numbers is followed by material on common and decimal fractions, percent,
 denominate numbers, involutions, and introductory plane and solid geometry. A
 second color and over 150 illustrations are used to emphasize important con-
 cepts. The answers to selected problems are included in the text, and a Solutions
 Manual, available gratis, provides answers to even-numbered problems.

 1968, approx. 304 pages, prob. $5.95

 MODERN PLANE GEOMETRY FOR COLLEGE STUDENTS

 By Herman R. Hyatt and Charles C. Carico, both of Los Angeles Pierce College

 In this modern text for majors and non-majors, a careful distinction is made
 between geometric entities and their measures. The concept of "proof" is given
 special attention. A second color is used functionally to illustrate ideas. Answers
 to odd-numbered problems appear in the appendix, and a Solutions Manual is
 available, gratis.

 1967, 414 pages, $7.95

 MODERN CALCULUS WITH ANALYTIC GEOMETRY
 Volumes I and 11

 By A. W. Goodman, University of South Florida

 Mathematical rigor, clarity of expression, and lively, imaginative language make
 this an excellent text for the two-year sequence. All important theorems are
 proved-without embellishment and with ample discussion to make each step
 clear. Outstanding features include the author's treatment of real numbers, an
 emphasis on vectors, and an excellent series of appendices. Volume I covers
 single-variable calculus and Volume II covers multi-variable calculus, linear
 algebra, and differential equations.

 Volume I: 1967, 808 pages, $10.95
 Volume II: 1968, approx. 512 pages, prob. $9.95

 Write to the Faculty Service Desk for examination copies.

 THE MACMILLAN COMPANY, 866 Third Ave, New Yak Ne York 100
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